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1 Introduction

One of the motivations for studying optimality conditions associated with an optimization problem
is that they often provide important insights into the structure of the problem. Indeed, as we saw
in the previous two lectures, the optimality conditions associated with the barrier sub–problem of
an LP play an important role in the design and analysis of efficient interior point algorithms for
linear programming. In this lecture we shall study an application in economics and demonstrate
how optimality conditions can be used to develop an efficient algorithm for solving it.

2 A Betting Problem

To set the stage for the class of problems that we are going to study, consider the following scenario.
Suppose that there are m individuals who are concerned with a race involving n horses. Suppose
that after carefully studying the race information, each individual i ∈ {1, . . . , m} arrives at an
estimate pij of the probability that horse j ∈ {1, . . . , n} will win the race. Now, for each i =
1, . . . , m, individual i would like to bet bi > 0 dollars (which is his budget) so that he maximizes
his subjective expectation. In other words, individual i would not necessarily bet all of his bi

dollars on that horse j for which pij is the largest. Instead, he will “bet the odds”, i.e. he will wait
until the final track probabilities of the horses are announced. The track probability of horse
j ∈ {1, . . . , n} is simply the proportion of the total amount bet on j. Now, if π1, . . . , πn are the
track probabilities, then individual i will examine the ratios pij/πj and distribute bi among those
horses for which this ratio is a maximum. We shall refer to this course of action as individual i’s
strategy.

From the above description, we seem to run into a chicken–and–egg situation. On the one
hand, the track probabilities π1, . . . , πn are proportional to the amounts bet on horse 1, . . . , n,
respectively. In particular, they are not known until each individual makes his bet. On the other
hand, an individual must know π1, . . . , πn before he can determine his bet. Thus, it is natural to ask
whether there exist track probabilities and individual bets such that they are compatible with both
the individuals’ strategies and the so–called pari–mutuel principle, i.e. the requirement that the
track probability of horse j ∈ {1, . . . , n} be proportional to the amount bet on j. In 1959 Eisenberg
and Gale [1] gave an affirmative answer to this question. Let us now study their approach.

To begin, let us formalized the conditions that need to be satisfied. For convenience’s sake, we
assume that the unit of money is chosen so that

∑m
i=1 bi = 1. Furthermore, we assume that for each

horse j = 1, . . . , n, there exists an individual i ∈ {1, . . . ,m} such that pij > 0. Note that if this
were not the case, then none of the individuals would bet on horse j, and hence we can remove it
from consideration. Now, suppose that individual i bets xij dollars on horse j, where i = 1, . . . , m
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and j = 1, . . . , n. Then, we have the following budget constraint for each individual:

n∑

j=1

xij = bi for i = 1, . . . , m (1)

On the other hand, the pari–mutuel principle requires that:

m∑

i=1

xij = πj for j = 1, . . . , n (2)

Note that by our normalization, we have
∑n

j=1 πj =
∑m

i=1

∑n
j=1 xij =

∑m
i=1 bi = 1. Finally, since

each individual is maximizing his subjective expectation, we have the following condition:

if µi = max
1≤s≤n

pis

πs
and xij > 0, then µi =

pij

πj
(3)

In other words, individual i ∈ {1, . . . , m} only bets on those horses j ∈ {1, . . . , n} for which his
subjective expectation is a maximum.

Now, it is clear that our original problem is to find x ∈ Rm×n
+ and π ∈ Rn

+ so that conditions
(1)–(3) are satisfied. Observe that condition (3) can be written as the following complementarity
conditions:

µi ≥ pij

πj
for i = 1, . . . , m; j = 1, . . . , n

xij

(
µi − pij

πj

)
= 0 for i = 1, . . . , m; j = 1, . . . , n

(4)

It turns out that conditions (1), (2) and (4) are essentially the optimality conditions of the following
convex optimization problem:

maximize
m∑

i=1

bi ln




n∑

j=1

pijyij




subject to
m∑

i=1

yij = 1 for j = 1, . . . , n

yij ≥ 0 for i = 1, . . . m; j = 1, . . . , n

(5)

To see this, let us first write down the KKT conditions (excluding the feasibility conditions) asso-
ciated with (5):

θj − bipij∑n
j=1 pijyij

≥ 0 for i = 1, . . . , m; j = 1, . . . , n

yij

(
θj − bipij∑n

j=1 pijyij

)
= 0 for i = 1, . . . , m; j = 1, . . . , n

(6)

By Weierstrass’ theorem, problem (5) has an optimal solution, since we are maximizing a continuous
function over a compact set. Let y∗ = (y∗ij) ∈ Rm×n be an optimal solution to (5). Since problem
(5) has linear equality constraints and satisfies the Slater condition, by Theorem 3 of Handout 8,
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there exists a vector θ∗ ∈ Rn of Lagrange multipliers such that (y∗, θ∗) satisfies the KKT conditions
(6). Now, a comparison between (6) and (4) suggests that the track probabilities should be given
by:

π∗j = θ∗j = max
1≤i≤m

bipij∑n
j=1 pijy∗ij

for j = 1, . . . , n (7)

Furthermore, a comparison between the linear equality constraints in (5) and (2) suggests that the
individual bets should be given by:

x∗ij = π∗j y
∗
ij for i = 1, . . . ,m; j = 1, . . . , n (8)

Let us verify that the track probabilities given in (7) and the bets given in (8) indeed satisfy the
required conditions (1)–(3). First, using (6), we have:

n∑

j=1

x∗ij =
n∑

j=1

π∗j y
∗
ij =

n∑

j=1

(
θ∗j −

bipij∑n
j=1 pijy∗ij

)
y∗ij +

n∑

j=1

bipijy
∗
ij∑n

j=1 pijy∗ij
= bi

for i = 1, . . . , m, i.e. condition (1) holds. Next, by the constraints in (5), we have
∑n

i=1 x∗ij =
π∗j

∑m
i=1 y∗ij = π∗j for j = 1, . . . , n, i.e. condition (2) holds. Finally, to verify condition (3), we

first recall that by assumption, for each j = 1, . . . , n, there exists an i ∈ {1, . . . ,m} such that
pij > 0. Consequently, we have π∗j > 0 for j = 1, . . . , n. Now, upon letting µ∗i = (1/bi)

∑n
j=1 pijy

∗
ij

for i = 1, . . . , n, we see that the conditions in (6) implies condition (3). In summary, we have
demonstrated the existence of track probabilities and individual bets that are compatible with
both the individuals’ strategies and the pari–mutuel principle.

Let us now return to the somewhat mysterious convex optimization problem (5). It turns
out that (5) has a nice economic interpretation. To see this, we first recall that by (8), we have∑n

j=1 pijy
∗
ij =

∑n
j=1(pij/π∗j )x

∗
ij for each i = 1, . . . , m. In other words, the quantity

∑n
j=1 pijy

∗
ij is

precisely the subjective expectation of individual i, and the function (yij) 7→
∑n

j=1 pijyij can be
viewed as individual i’s utility function. Thus, problem (5) is equivalent to maximizing a certain
social welfare function.

With slightly more effort, one can show that the track probabilities are unique. Indeed, sup-
pose that {πj}j and {π̄j}j are two sets of track probabilities. Let {xij}i,j and {x̄ij}i,j be the
corresponding bets, and let {µi}i and {µ̄i}i be defined as in (3). Then, we have:

µiπjxij = pijxij =
pij

π̄j
π̄jxij ≤ µ̄iπ̄jxij and µ̄iπ̄kx̄ik = pikx̄ik ≤ µiπkx̄ik

for i = 1, . . . , m and j, k = 1, . . . , n. Since µi, µ̄i, πj , π̄k > 0, we have xij x̄ik(π̄k/πk) ≤ xij x̄ik(π̄j/πj).
Upon summing over j, k = 1, . . . , n, we have bi

∑n
k=1(π̄k/πk)x̄ik ≤ bi

∑n
j=1(π̄j/πj)xij , which, after

dividing both sides by bi and summing over i = 1, . . . , m, yields
∑n

k=1 π̄2
k/πk ≤

∑n
j=1 π̄j = 1. On

the other hand, using the Cauchy–Schwarz inequality and the fact that
∑n

j=1 πj =
∑n

k=1 π̄k = 1,
we have:

1 =

(
n∑

k=1

π̄k

)2

=

(
n∑

k=1

π̄k√
πk
· √πk

)2

≤
(

n∑

k=1

π̄2
k

πk

)(
n∑

k=1

πk

)
≤ 1

It follows that equality holds throughout the above chain of inequalities, whence π̄ = απ for some
constant α. However, since

∑n
j=1 πj =

∑n
k=1 π̄k = 1, we conclude that α = 1, whence π̄ = π as

desired. We remark that although the track probabilities are unique, the individual bets need not
be unique. We refer the reader to [1] for details.
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3 Fisher Market Equilibrium

Let us now consider the following market equilibrium problem. Suppose that in a market there
are two types of participants — a set P of producers and a set C of consumers. Each producer
j ∈ P produces one unit of a divisible good and sells it for money. On the other hand, each
consumer i ∈ C has a given money endowment wi for buying goods and has a utility function ui

that he would like to maximize. In 1891 Irving Fisher, an American economist, asked whether it
is possible to assign prices (called equilibrium prices) to goods so that the market clears, i.e. all
the money is spent and all the goods are sold. At first sight the market equilibrium problem seems
to be quite different from the betting problem that we introduced in Section 2. However, if the
utility functions are linear — i.e. for each i ∈ C , we have ui({xij}) =

∑
j∈P uijxij , where uij ≥ 0

is consumer i’s utility of having one unit of good j, and xij ≥ 0 is the amount of good j bought by
consumer i — then the Eisenberg–Gale convex optimization problem (5) would actually yield the
desired equilibrium prices. Before we prove this, let us make the following assumptions:

(A1) each consumer’s money endowment wi is positive

(A2) every consumer likes some good, i.e. for each i ∈ C , there exists an j ∈ P such that uij > 0

(A3) every good is liked by some consumer, i.e. for each j ∈ P, there exists an i ∈ C such that
uij > 0

We note that these assumptions can be made without loss of generality. Furthermore, it can be
shown that under these assumptions the equilibrium prices are positive (see, e.g., [3]). Now, let
pj > 0 be the price of good j ∈ P. Then, the market clearing conditions require that:

∑

i∈C

xij = 1 for j ∈ P (9)

∑

j∈P

pjxij = wi for i ∈ C (10)

Furthermore, since each consumer is maximizing his utility, we must have:

uij

pj
≤

∑
k∈P uikxik

wi
for i ∈ C , j ∈ P (11)

Indeed, suppose that this is not the case. Then, there exist i ∈ C and j ∈ P such that:

uij

pj
wi >

∑

k∈C

uikxik ≥ uijxij

or equivalently, wi > pjxij . Intuitively, this implies that we could increase the utility of consumer i
by purchasing wi/pj units of good j, which is impossible if

∑
k∈C uikxik is the maximum utility. Of

course, such an argument is not complete, since we did not take into account the market clearing
constraints (9) and (10). Instead, we argue as follows. Upon summing (10) over i ∈ C and using
(9), we have

∑
i∈C wi =

∑
j∈P pj . Thus, if we have wi > pjxij , then there exists an i′ ∈ C such

that wi′ < pjxi′j , which contradicts (10). This establishes (11).
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Now, note that upon multiplying both sides of (11) by pjxij and summing over j ∈ P, we have:

∑

j∈P

uijxij ≤
∑

k∈P uikxik

wi
·
∑

j∈P

pjxij =
∑

j∈P

uijxij

where the last equality follows from (10). Thus, we conclude that all the inequalities in (11) hold
as equalities. It is then clear that conditions (9)–(11) are precisely the KKT conditions associated
with (5) (in particular, condition (10) is implied by the complementarity condition in (6), cf. the
constraints in (5) and the conditions in (6)).

4 Computation of Equilibrium Prices

After characterizing the equilibrium prices of the Fisher market equilibrium problem, it is natural
to ask whether one can develop an algorithm for computing those prices. To begin, observe that in
the context of the market equilibrium problem, the Eisenberg–Gale formulation (5) can be written
as:

maximize
∑

i∈C

wi lnui

subject to
∑

i∈C

xij = 1 for j ∈ P

ui −
∑

j∈P

uijxij = 0 for i ∈ C

ui, xij ≥ 0 for i ∈ C ; j ∈ P

which is in the form of the following more general problem:

(P )

maximize
n∑

i=1

wi lnxi

subject to Ax = b

x ≥ 0

Here, we have A ∈ Rm×n with m ≤ n and rank(A) = m, b ∈ Rm, and w = (w1, . . . , wn) ≥ 0 is a
weight vector. We assume that the feasible set of problem (P ) is bounded, and that it has a strictly
feasible solution, i.e. the set:

◦
Fp= {x ∈ Rn : Ax = b, x > 0}

is non–empty (these are certainly true for the Fisher market equilibrium problem). The reader
might notice that problem (P ) resembles the barrier sub–problem of an LP, except that in (P )
we have the weighted barrier function x 7→ ∑n

i=1 wi ln xi instead of the usual (unweighted) barrier
function x 7→ µ

∑n
i=1 ln xi with µ > 0. Nevertheless, we can still develop a path following algorithm

for solving (P ). The idea is to consider the following parametrized problem:

(Pµ)
maximize U(x, µ) ≡

n∑

i=1

w(µ)i lnxi

subject to Ax = b
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Here, µ > 0 is the barrier parameter, and w(µ)i = max{µ,wi} for i = 1, . . . , n. Note that for µ > 0,
we have w(µ) > 0, whence W (µ) Â 0. Using the KKT conditions associated with (Pµ), we can
define the central path C associated with (P ) as the solutions {(x(µ), y(µ), s(µ)) : µ > 0} to the
following system of equations:

Ax = b, x > 0 (a)
−AT y + s = 0, s > 0 (b)

Xs = w(µ) (c)
(12)

It can be shown that for µ > 0, there exists a unique optimal solution x(µ) to (Pµ). Moreover, as
µ ↘ 0, the sequence {x(µ)}µ converges to an optimal solution to (P ) (see, e.g., [3]). Following the
development in Handout 10, we first use Newton’s method to solve (Pµ) for µ > 0. Towards that
end, we compute:

∇U(x, µ) = W (µ)X−1e and ∇2U(x, µ) = −W (µ)X−2

Now, suppose that we are given a point x̄ ∈
◦
Fp. Then, the quadratic approximation of x 7→ U(x, µ)

at x̄ is given by:

Ũ(x, µ) = U(x̄, µ) + (W (µ)X̄−1e)T (x− x̄)− 1
2
(x− x̄)T W (µ)X̄−2(x− x̄)

To obtain the next iterate x̄′ = x̄ + d, we solve the following problem:

maximize −1
2
dT W (µ)X̄−2d + dT W (µ)X̄−1e

subject to Ad = 0
(13)

The KKT conditions associated with (13) are given by:

−W (µ)X̄−2d + W (µ)X̄−1e = AT y (14)

Ad = 0

Upon multiplying (14) by AX̄2W (µ)−1 and noting that diagonal matrices commute, we have:

y = (AX̄2W (µ)−1AT )−1AX̄e (15)

Moreover, upon multiplying (14) by X̄2W (µ)−1, we have:

d = x̄− X̄2W (µ)−1AT y (16)

Having found the Newton direction, we now need to quantify the closeness of a given strictly feasible
solution x̄ to the central path C. This is achieved using the following proximity measure:

δ(x, µ) =
∥∥XW (µ)−1s(x, µ)− e

∥∥
2

where s(x, µ) is an optimal solution to the following problem:

minimize
1
2
sT X̄2s− sT X̄w(µ)

subject to −AT y + s = 0
(17)
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The KKT conditions associated with (17) are:

X̄2s− X̄w(µ) + θ = 0

Aθ = 0

−AT y + s = 0

It is straightforward to verify that:

θ = θ(x̄, µ) = W (µ)d and s = s(x̄, µ) = AT y (18)

where y is given by (15) and d is given by (16), is a solution to the above system. Using (16) and
(18), it follows that the next iterate x̄′ is given by:

x̄′ = x̄ + d = 2x̄− X̄2W (µ)−1s (19)

In particular, if δ(x̄, µ) < 1, then we have 0 < x̄isi/w(µ)i < 2, whence x̄′ > 0. Furthermore, since
δ(x̄′, µ) ≤ ‖X̄ ′W (µ)−1s(x̄, µ)− e‖2 and X̄ ′W (µ)−1s(x̄, µ) = 2z −Z2e, where z = X̄W (µ)−1s(x̄, µ),
we have δ(x̄′, µ) ≤ δ(x̄, µ)2 (cf. Theorem 3 of Handout 10). We summarize our findings as follows:

Theorem 1 Let x̄ ∈
◦
Fp be such that δ(x̄, µ) < 1. Then, the next Newton iterate x̄′ = x̄ + d also

satisfies x̄′ ∈
◦
Fp. Moreover, we have δ(x̄′, µ) ≤ δ(x̄, µ)2.

Now, in order to follow the central path C, we need to reduce µ. To investigate the effect of such

reduction, let µ > 0, θ ∈ (0, 1) and x ∈
◦
Fp, and set µ′ = (1− θ)µ. Then, we have:

δ(x, µ′) ≤ ∥∥XW (µ′)−1s(x, µ)− e
∥∥

2
=

∥∥W (µ′)−1W (µ)XW (µ)−1s(x, µ)− e
∥∥

2

Now, observe that for i = 1, . . . , n, we have:

[
W (µ′)−1W (µ)

]
ii

=
max{µ,wi}

max{(1− θ)µ,wi} ≤
1

1− θ

Hence, by the triangle inequality, we obtain:

δ(x, µ′) ≤ ∥∥W (µ′)−1W (µ)
(
XW (µ)−1s(x, µ)− e

)∥∥
2
+

∥∥(
W (µ′)−1W (µ)− I

)
e
∥∥

2

≤ δ(x, µ)
1− θ

+
θ
√

n

1− θ

In particular, by following the arguments in Handout 10, we obtain the following analog of Theorem
5 of Handout 10:

Theorem 2 Let x̄ ∈
◦
Fp be the current iterate. Suppose that δ(x̄, µ) ≤ 1/2 for some µ > 0. Let

θ = 1/6
√

n. Then, when the next Newton iterate x̄′ is given by (19) and µ′ = (1 − θ)µ, we have
δ(x̄′, µ′) ≤ 1/2.

7



To initialize the algorithm, we can set µ0 = maxi wi. Then, problem (Pµ0) becomes a standard
barrier sub–problem of an LP. However, since we are not really solving an LP problem, we cannot use

the techniques described in Handout 11 to find an initial point x0 ∈
◦
Fp that satisfies δ(x0, µ0) ≤ 1/2.

On the other hand, since we have assumed that the feasible set of (P ) is bounded, we can generate
the desired initial point directly using the so–called potential reduction method. We refer the reader
to [2, Chapter 3.3] for details.

Finally, let us determine the number of iterations needed by the algorithm to generate an
approximate solution to (P ). First, note that if wi = 0 for some i = 1, . . . , n, then w(µ)i = µ for
all µ > 0. In particular, since δ(x, µ) ≤ 1/2 at every step of the algorithm, for any ε > 0, we have
xisi < ε/

√
n as long as µ ≤ 2ε/3

√
n. Now, since the barrier parameter µ starts at µ0 = maxi wi

and decreases at the rate of (1 − 1/6
√

n) per iteration, it follows that O(
√

n log(ε−1nmaxi wi))
iterations are needed to find a solution (x̄, s̄) such that ‖X̄s̄− w‖2 ≤ ε (cf. (12) and Theorem 7 of
Handout 10).
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