SEG 5520: Optimization I 2007—08 Second Term
Homework Set 5

Instructor: Anthony Man—Cho So Due: April 3, 2008

SOLVE THE FOLLOWING PROBLEMS:

Problem 1 (20pts). Let f : R®™ — R be a differentiable convex function. Consider the following
problem:
minimize  f(z) (1)
subject to x>0

Show that € R™ is an optimal solution to (1) iff it satisfies the following system:

Vfiz) > 0
T > 0
'VfE) = 0

Problem 2 (25pts). Let x € R be given, and consider the following quadratic program:

. 15 15
minimize 5:101 + §JE2 — X1 — 229
subject to x1+x9— Kk >0 (2)
1,22 20

(a) Show that problem (2) always has an optimal solution.
(b) Using the KKT conditions, verify that (3/2,5/2) is an optimal solution to (2) when x = 4.

(¢) For certain values of k, the optimal solution to (2) lies on the boundary of the feasible
region. What are those values, and what are the corresponding optimal solutions, Lagrange
multipliers, and optimal values?

Problem 3 (30pts). Recall that S™ is the set of n x n symmetric matrices, and S, is the set of
n X n symmetric positive definite matrices.

(a) Let u € R™ be fixed, and define the function g : S* — R, by g(X) = || Xul|3. Find Vg(X).

(b) Let V = {v!,...,v™} C R" be a set of vectors that span R™. Consider the following problem:

inf —logdet X
subject to || X032 <1 i=1,...,m (3)
Xest,

Let X be an optimal solution to (3) (it can be shown that such an X exists). Write down
the KKT conditions that X must satisfy. (Hint: The Matriz Reference Manual.)

REMARKS: The set {y € R" : || Xy| < 1} is the minimum volume ellipsoid (centered at

the origin) containing the vectors v!,... v™.



(c) Suppose that m = n and v* = e; for i = 1,...,n, where e; is the i-th standard basis vector.
Using the result of (b), determine the optimal solution to (3) and find the corresponding
Lagrange multipliers. (Hint: The function X — —logdet X is convez.)

Problem 4 (25pts). In this problem we study the convergence property of the method of steepest
descent with diminishing step sizes. To begin, let f : R” — R be a differentiable convex function.
Recall that the method of steepest descent is defined via the following update rule:

M = ok — ok f(2F) for k=0,1,...

(a) Show that for any y € R™ and k > 0, we have:
2
51— I3 < lla* = yli3 - 20" (£(5) = £@)) + (@ IV S ("))

(b) Suppose that:

o =00 and F|Vf(@")3 -0
k=0
Show that!:

liminf f(z*) = inf
Rt/ = g7

(Hint: Argue by contradiction. Suppose that for some 6 > 0, there exists an y € R™ such that
f(y) < f(z*) =6 for all sufficiently large k. Use the result of (a).)

'Recall that given a sequence {ax}r, its limit inferior is defined as:

liminf ax = lim inf a, = sup inf a,
k— o0 k—ocon>k k—oo N>k



