A

_IV\ '{'9\_9_ la.a‘\‘ '\eci'bu-e__ \0«6 'S'Miealm S“\M&b—eo’% Qn
D-YH\/V\.GLQ olukion 2 o fhe Peoldam

e OXwax e (®)
2e¢Tw

Th padenlor, 2 sakisfles botth e Fash- and Second- ovdes
&yﬁwﬂi&a ordifiona . Tn Tas lechuw, we sk hew T
Shchical Mfsumadiom On 2 ond the aLe—f-wa«-Qm of GPay Can be
Used Yo estadolish  thae Conergance cake of The GPM, QR,QQE««%,
Our ook s o prsve the follmarg:

Thasiam: Suppese Trat  haf ¢ —'}% - VAR, S5z ey A7)
ond e GPM s Twtidlized by 2%5Ve. Then, thew it avo
and A€ (0,1) such that £ Oy optnal  Solukion £ to (P)

)

-‘F(i)— L4y < (-?(é\)'—{,’(z%\ A )
Ay (2, 2y € a-(.wé‘)—i;‘(z%f’-’-- Nl
Reee , Fearv= 2'Ce.

- The poek of Ko Hamem Cowsists o “hoo wam pass. Tha Lot
s do establg, an oo beund fr (P Recann Wax any
Z2e T thex Sakisgies o Jost- ond Second- Srdan Sphinelitg
Conditiona  tlso  Sakdfien (Drag(ilal) ~-C)z = O, Whare
C = C+=or. This netvotes W Tollowing foruladeon of tha

s bewnd

Poposition 41 Lek  Z(2)= Diag(12l)- T, pla)= { Zeareli,  Undas

W G\QS\M\A—F\\\GV)S‘ ZI% -\'C\Q Mp_mﬁ :S)j' O_m.,% -‘&GT“ qursf‘jws
dlz, 2 € V0, and dng cpvoaal Soludton 2 b (P) ux have

&,(2. 8y < S pay,



‘Befau we broccad, Senveal tewmades e W ovdes, =~
() Recany that 2 Sokvfres URW =y and EYe (2 ¢ 2Y¢E ona
hence  d, (8, 2 < 4-*-“—;::“' Tn pactiadan, T WAl < “/8‘we
have & (2% < -'Ez Togedther Wi Tropostion 1, We e
War (7Y has a vagee Optad Solutlon (uwp +o a globak
Phose)),
2y We hauve previeudly Shown tRaxt (2% 2% = ﬁ\’/& Whanewen
WAl S Ao 5 See Yo puck of Thaswm 1 N Yhe webas of
Meek 12, Thas shows That The ewen bound i Propesitien 1
apfies do fhe e Sequence R iherares §2% 0
() Recalt that § ZeT" Salifien T Tt Ad Secmd-ondes
Sprmaliny  Connditions, HRen P2 =0, Thuo, Ak Sucdh pomts
that also sekisfy d, (2, &) < by, one o el fm ). T.
tHher WOnda, Y -‘f—M’f Ond Secoad - udan o-(,hw\a&jn:) Candittona
e Swftident fon cst;wa.ll.nhﬁ
The Secend Pack of e proof f The Wavew B Yo establuh The
Tolloaang Propaiies of The GRM:
Bopestton 2 Under The Qssumptions & the Yhamom , thee Lxist
Ro, R A, 70 such that Tou Gnag opttmal  Solukion 2 to (®) Wa
—Y—:rllﬁ\m\:g Vold :

(&) (Suktictent Gscank) { (2" - £y % Qo 2= 2t 2

(b) (Cost-to- 8o estimate)  L(fy- Laxy < Q- 4, (& 2y
(@) (gefeguand) (2% s 0y Nz™t-2kl,

Armad wirt, Pupostions 4 ana 2, We Are teady Yo prove e



o

Pr‘cag o Vhe Thachaom

f@y-gey = (&) -f=9) - (£)-£am)

<o d (52 - (- £y (cost-toq0)

——

< U"“\ftak) ({3( kly - @9y (ereer bownd )

< LAhrAZ i i
S s (-F(a‘*")—%&“\) (safeguard)

(L“M __t)({ffz‘“) f@g@r-f@n) ()

Swce f(%)z-@(z"‘) :Fm A Ve We h\aﬂ assuwme  Witheuk Logg

tat al-= E‘f&@_>i, Rence |
Ron?

A o d-\ A
ﬁ(i)‘ @fﬁk‘) < “or (“Q(E) -'\?(i‘k\) N

Whack yields  £(2) ~ (2§ (@ -y N Fuateecoe

bol2, £)* < S peany (euor boud)
2 e 2
< C:»ani)_ s 1_.;9:“2 (Sa{-egumek\
k‘*\) _Y_(zk)) (seffocrenk é\swdt)

< C;L:‘:‘i (&) -% )

$ LR (0rg)- §asy) ne
Ao ne

~ The Qbouve tesutk Ovce a.&ou(\« mwnm e poiser O‘% e
€rcer bound - based C‘,cm.u—e»&w\u_ vake O-V\a.Q.ast.\ fn—o.m,we‘suk.
Lex wa now pre weed o The \un:ﬂ’ of 'P"U(:vos'&-’?a-n 4 .




Piov{ o Proposiion {
Dbserve Thax
Clar=- W Z@ 2\, » | Z(é)z\\ - I&(&a- T2y 24, |

let 6= P Nz-etozy, “‘%:;‘“) W2- 'Oz,
.
and nete fhat  C=CrgIs 2*@9fesr DT We fost beund

(@ -Z@E e, =[(DagliEal) - Drag(1220)) el

- (s Y.
- (J\L__jl(l(é“z)j\;(682?5.\)55[2)

= (Eetei- &850, (shee {=y\=1)
S0 E(e®a-2y,

S e G R PN L

SAR @M E a3, + (nane 2) 4, (2,8, -
By defouitton o 6§ we hawe 2% () = (2% Tl

dp(z, 8 =t e B2 22 = 2(n-(84g() | —)
Recatling that d,(2, 2 ¢ ‘_FLAL\T We  obtadn

l(%")“(ef‘éz—%a\ < | @~e gy (8, 2y + | (€8 2)¥({ z-~ 21\

) Y N N, - N
S -2, he 6z . 2w, + | 2%\ ~n\

< Luay
s d(i’&)'l‘—- ?_(1":?_\ —..(-H_)

"rt-\feugw:‘fmq(ﬂww)m

W Z(2)~ Z(&) e \, < (’sum\+ %)&2(2,2) + f%-d;(a,ﬁ)’i

Next, we Shew that T(2) Yo ad L&) s pA en ¥ ortlogonal
CGYW()LM 5,(1 %?Ou\(%)_ Tndeed , we hove Z(£)2 = o becarse 2
So&t;{-lu bottn o st and Second- udias cr(s\‘m\ain:j Londitiowa



)

0= (T-428%) (%2 5) be the pocfecrton of
’ej\eE"‘E owko tha mepgc“al C—-W‘-MW* @§ S?MCE)_M,WQ
and

A\So,, L:j defaiiion o ér*,, we  lhane

(a*)“('e"éxth @MEL and @M E(= n-SN2- O —(w0
Tt Jolisws thax
M@ 6= W(pag(188n- D& = G (Dug(icay—e)d

(snce 2 Sakusfien l(ﬁé\;h(’(’:é‘)} 2, = (2). —% & SlCaxe g,

See "D‘? -1 of‘ e ncten Qﬁ Weok ‘0)
N
> Z—j—:( (Cé)jl-(ﬁj\l _ ‘(Z")HCL\Q _ O\HAG. (SMQ C= ax(a¥)“+_a,)

> (EHHE] = nad ) & — | GMpae e i P B Ay

A -1 A*l\ A -
('T\" LWAZ U~ Ial —%“ Z-g e Z.“; ) “L&\\:: C‘Di_s (XX))
7 (n- WAl -tall - M“ﬁ‘e)‘ (el (smee dy(&,2%) ¢ Alaily
2 -

Ta kacwedar, Swee L(2)2 =0,

1 Zegran, = WZ@) (e®e - 21, = 1 ZdHal,

2L AR
N

, A { n
(n— (A2 (e~ AW~ )22~ g=d,(28)2)  (by (o)

Sthee dz(z,é)sf% by asswmpfion, We have
do(z,2) s A (g2~ (8, #) <1 4“&;\\ ?
Wicha tmﬂ,(_;m
&z(ari"—\ls (%.ﬁf%%‘_‘)o\l(z,é\)_




/5

.

“mem,,
WA2 (. € HAZ o+ lal( "“S‘ 29
S AN + UAN. A (%, %)
AN

Sl oMl + HIAW
rr? .
Puttong @vecstany Fogaiien Ond - tuolelig The Assumptions, e hae

Pee) > WZdHzh, - M Ze- 2@z, > S ded)

Qs desired.
- Next, lex us twn o R proef <€ Propostm 2.

Peoof o 'Propos?ﬁcm 2
(o) Recatd thak 6,= C,-\--%I ) We anu?u@{_
feah-fe = (@ -2 T (2o - 2B T
+ 2 Ref(2T T
’ k) (W A~ 5:2" W~ k
'Bl.jdrm,:ﬁmcf‘ 2 we h (2*H"c 4= —@;‘) Ce
Which, Ra one wedd observe, is o reall nusmber, Moresover
2" e Orgmax Re(2iC2)
ge "

which \v\?bus HRak Re[ (2¥HYe g“} > ()W ¢ 2 K Hence

3 (225 (M- ) 2 & B2

2

_?(zk-ﬂ) _F(z )
Wwitth Q°= wun(A‘\' ‘271) >0 \95 QSSum?ﬂc-n an d .
’ § = Ocgmin || z“- &%z, ] Then,
() lex 64 Py N )
£cty-fraty = BHEE - (9" 2
= | &N - @HE &
(\:5 Pm?os(‘\-’\‘am 5 c@ Weok \Q'g V\.ofe_s)

= (2" [Deg(188)-& | 2

(since (29" Dragq(1€8) = LIE2) = 1C2N,)




J+

= (1% 22" (Dug(1221) -8 )€ - )
(stee [Dias( \&%\)-— E:Ié\ =0)
< (n&y~néan) (e Yy

We bound
a ~ A - 2n
h CN+UCEN, € Uey+WCello+ 5

S N2+ LAl 1 FEHE I+ AR %% |

Oblerve That (22 =n , | @8N = (@M 2102, <

and .
—~10%a
WAZU, < HAZHl, + la(e™ 2= 29|,
YAIPN [
r .

n

< Az, + WAL du(2,2%) € ((AZFle +

Thaus

2

~ ~ A | c
UCU+ NC2lg € 20+ Al + 1AL (o + 4“&“ + - < 3n

where e LaAt iv\etw&i‘ﬁ 't due Yo euwr ass wmptiena. Hence, we howe
ety gean € o, dulen 7

2

-'fr)'v Some Q4 € (.0,303.
() By defwition of 24! we howe
Duag([E24) (- 2) = [&- Diag(1&e=n] .
Hence
P2 =l DiagC EeN (- e, € 1T, - hE' e,
Recalt that d(2%, 2¥) < ’% (See Rewmark 2 en $.2). Lex

% 1 .
O,= g::::-:) Wzk- e‘ez"\\z_ T"\.Q,nﬂ \;5 ous assumpbiens |

Iz, € I} e 1, + A I,
€ (M) + NAlE R )+ Ak, ~ 2

< n o+ lAW-4, (25 2"‘)'—1— KA,

l-\e,vceq f(z“\s O\z.“ak-ﬂ—zk“ 'fd‘t—Sewe, a, e (0 3 5/‘“






