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As briefly mentioned in Handout 1, the notion of convexity plays a very important role in both
the theoretical and algorithmic aspects of optimization. Before we discuss in depth the relevance
of convexity in optimization, however, let us first introduce the notions of convex sets and convex
functions and study some of their properties.

1 Affine and Convex Sets

1.1 Basic Definitions and Properties
We begin with some definitions.
Definition 1 Let S CR"” be a set. We say that
1. S is affine if ax + (1 — a)y € S whenever x,y € S and a € R;
2. S is convex if ax + (1 — o)y € S whenever x,y € S and o € [0, 1].

Given z,y € R™ and a € R, the vector z = ax + (1 — a)y is called an affine combination of x
and y. If a € [0, 1], then z is called a convex combination of z and y.
Geometrically, when z and y are distinct points in R™, the set

L={zeR":z=ax+ (1 —-a)y, a € R}
of all affine combinations of  and y is simply the line determined by x and y, and the set
S={zeR":z=0ax+ (1 - o)y, a €[0,1]}

is the line segment between x and y. By convention, the empty set () is affine and hence also convex.
The notion of an affine (resp. convex) combination of two points can be easily generalized to
any finite number of points. In particular, an affine combination of the points z1,...,xr € R" is a
point of the form z = Zle «;T;, where Zle «; = 1. Similarly, a convex combination of the points
r1,...,or € R™ is a point of the form z = Zle o, x;, where Zle a;=1and aq,...,a > 0.

The following proposition reveals the structure of a non—empty affine set.
Proposition 1 Let S C R" be non—empty. Then, the following are equivalent:
(a) S is affine.
(b) Any affine combination of points in S belongs to S.

(c) S is the translation of some linear subspace V.C R"; i.e., S is of the form {x}+V = {z+v €
R™:v e V} for some x € R™.



Proof We first establish (a)=(b) by induction on the number of points £ > 1 in S used to form
the affine combination. The case where k = 1 is trivial, and the case where k = 2 follows from the
assumption that S is affine. For the inductive step, let k& > 3 and suppose that x = Zle Q;xq,
where xq,...,x; € S and Ele a; = 1. If oy = 0 for some ¢ € {1,...,k}, then z is an affine
combination of k£ — 1 points in S and hence x € S by the inductive hypothesis. On the other hand,
if ; # 0 for all i € {1,...,n}, then we may assume without loss of generality that ay # 1 and
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Since Zfﬂ(ai/(l —a1)) = 1, the point z = Zfzz(ai/(l — a1))x; is an affine combination of k£ — 1
points in S. Hence, we have € S by the inductive hypothesis. Since S is affine by assumption
and z is an affine combination of 1 € S and & € S, we conclude that = € S, as desired.

Next, we establish (b)=-(c). Let x € S and set V = S — {x}. Our goal is to show that V' C R"
is a linear subspace. Towards that end, let v1,vo € V and a, 8 € R. By definition of V, there exist
21,29 € S such that v; = z; — x and vy = z9 — x. Using the fact that z(¢) =tz + (1 —t)22 € S for
any t € R, we have

avi+ vy = af+1-p0)a+pla+(1-a)nt+(1l-a—-pFr—x
= a((l1=pB)z1+Bz)+Ban+(1—a)z)+(1—a—-PBz—=z
= az(1=-p)+pz(ae)+(1—a—-pPx—=x
= Z-—ux,
where z = az(1— )+ 5z(a)+(1—a— )z is an affine combination of the points z(1—f), z(«),z € S
and hence belongs to S. It follows that av; + fvs € V, as desired.
Lastly, we establish (c)=(a). Suppose that S = {z} + V for some vector z € R" and linear
subspace V' C R™. Then, for any 21,29 € S, there exist vi,vo € V such that z; = = + v; and

zo = x + v9. Since V is linear, for any a € R, we have z(a) = az; + (1 — a)ze = x + v(«) with
v(a) = aw1 + (1 — a)vy € V. This shows that z(«) € S. O

Proposition 1 provides alternative characterizations of an affine set and furnishes examples of
affine sets in R™. Motivated by the equivalence of (a) and (c¢) in Proposition 1, we shall also refer
to an affine set as an affine subspace.

Let us now turn our attention to convex sets. In view of Proposition 1, the following proposition
should come as no surprise. We leave its proof to the reader.

Proposition 2 Let S CR"™ be arbitrary. Then, the following are equivalent:
(a) S is conver.

(b) Any convex combination of points in S belongs to S.

Before we proceed, it is helpful to have some concrete examples of convex sets.
Example 1 (Some Examples of Convex Sets)

1. Non—Negative Orthant: R = {z € R" : z > 0}



Hyperplane: H(s,c) = {x € R": sTx = ¢}
Halfspaces: H (s,c) = {r € R" : sTox < ¢}, H(s,¢) = {zr e R" : sTx > ¢}

Euclidean Ball: B(z,r) ={z € R": ||z — Z|js <1}

AT I

Ellipsoid: E(z,Q) = {x eER": (z —2)TQ(x —7) < 1}, where Q) is an n X n symmetric,
positive definite matriz (i.e., 7 Qx > 0 for all x € R™\{0} and denoted by Q € ST, )

6. Simplex: A = {3 jaizi: Yy i =1,0;>0 fori=0,1,...,n}, where xg,x1,...,%y
are vectors in R™ such that the vectors x1 — xg, Ty — xg,...,Tn — To are linearly indepen-
dent (equivalently, the vectors xg,x1,...,x, are affinely independent)

7. Convex Cone: A set K CR" is called a cone if {ax : a > 0} C K whenever x € K. If K
is also convezx, then K is called a convex cone.

8. Positive Semidefinite Cone: S7 = {Q € 8" : 27Qx > 0 for all x € R"}

The convexity of the sets in Example 1 can be easily established by first principles. We leave this
task to the reader.

It is clear from the definition that the intersection of an arbitrary family of affine (resp. convex)
sets is an affine (resp. convex) set. Thus, for any arbitrary S C R”, there is a smallest (by
inclusion) affine (resp. convex) set containing S; namely, the intersection of all affine (resp. convex)
sets containing S. This leads us to the following definitions:

Definition 2 Let S CR" be arbitrary.

1. The affine hull of S, denoted by aff(S), is the intersection of all affine subspaces containing
S. In particular, aff(S) is the smallest affine subspace that contains S.

2. The convex hull of S, denoted by conv(S), is the intersection of all convex sets containing
S. In particular, conv(S) is the smallest convex set that contains S.

The above definitions can be viewed as characterizing the affine hull and convex hull of a set S
from the outside. However, given a point in the affine or convex hull of S, it is not immediately clear
from the above definitions how it is related to the points in S. This motivates our next proposition,
which in some sense provides a characterization of the affine hull and convex hull of S from the
inside.

Proposition 3 Let S C R"™ be arbitrary. Then, the following hold:
(a) aff(S) is the set of all affine combinations of points in S.
(b) conv(S) is the set of all convex combinations of points in S.

Proof Let us prove (a) and leave the proof of (b) as a straightforward exercise to the reader. Let
T be the set of all affine combinations of points in S. Since S C aff(S), every x € T is an affine
combination of points in aff(S). Hence, by Proposition 1, we have T C aff(.S).

To establish the reverse inclusion, we show that T is an affine subspace containing S. As aff(.S)
is the smallest affine subspace that contains S, this would show that aff(S) C 7. To begin, we
note that S C T. Thus, it remains to show that T is an affine subspace. Towards that end, let



x1,22 € T. By definition, there exist y1,...,Yp, Yp+1,---,Yq € S and a1,...,0p, Qpt1,...,04 €R

such that
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In other words, z is an affine combination of points in S. Thus, we have z € T, which shows that

T is an affine subspace, as desired. O

Since an affine subspace is a translation of a linear subspace and the dimension of a linear
subspace is a well-defined notion, we can define the dimension of an affine subspace as the dimension
of its underlying linear subspace (see Section 1.5 of Handout B). This, together with the definition
of affine hull, makes it possible to define the dimension of an arbitrary set in R™. Specifically, we
have the following definition:

Definition 3 Let S C R" be arbitrary. The dimension of S, denoted by dim(S), is the dimension
of the affine hull of S.

Given a non—empty set S C R", we always have 0 < dim(S) < n. Roughly speaking, dim(S5) is
the intrinsic dimension of S. As we shall see, this quantity plays a fundamental role in optimization.
To better understand the notion of the dimension of a set, let us consider the following example:

Example 2 (Dimension of a Set) Consider the two-point set S = {(1,1),(3,2)} € R?. By
Proposition 3(a), we have aff(S) = {a(1,1) + (1 — a)(3,2) : a € R} C R2. It is easy to verify that
aff(S) = {(0,1/2)} +V, where V= {t(1,1/2) : t € R} is the linear subspace generated by the vector
(1,1/2). Hence, we have dim(S) = dim(V') = 1.

1.2 Convexity—Preserving Operations

Although in theory one can establish the convexity of a set from the definition directly, in practice
this may not be the easiest route to take. Moreover, in many occasions, we need to apply certain
operation to a collection of convex sets, and we would like to know whether the resulting set is
convex. Thus, it is natural to ask which set operations are convexity—preserving. We have already
seen that the intersection of an arbitrary family of convex sets is convex. Thus, set intersection
is convexity—preserving. However, it is easy to see that set union is not. In the following, let us
introduce some other convexity—preserving operations.



1.2.1 Affine Functions

We say that a map A : R™ — R™ is affine if
Alazs + (1 — a)xg) = aA(z1) + (1 — ) A(x9)

for all 1,79 € R™ and a € R. It can be shown that A is affine iff there exist Ag € R™*" and
yo € R™ such that A(z) = Apz + yp for all z € R™. As the following proposition shows, convexity
is preserved under affine mappings.

Proposition 4 Let A : R" — R™ be an affine mapping and S C R™ be a convex set. Then, the
image A(S) = {A(x) € R™ : x € S} is convex. Conversely, if T C R™ is a convex set, then the
inverse image A~Y(T) = {x € R" : A(z) € T} is convez.

Proof The proposition follows from the easily verifiable fact that for any z1, 29 € R, A([z1, z2]) =
[A(z1), A(z2)] CR™. O

Example 3 (Convexity of the Ellipsoid) Consider the ball B(0,r) = {z € R" : 272 <r?} C
R™, where r > 0. Clearly, B(0,r) is convex. Now, let Q be an n xn symmetric positive definite ma-
triz. Then, it is well-known that Q is invertible and the n xn symmetric matriz Q' is also positive
definite. Moreover, there exists an n x n symmetric matriz Q~/2 such that Q~' = Q~Y/2Q~1/2.

(See [6, Chapter 7] if you are not familiar with these facts.) Thus, we may define an affine mapping
A:R" - R" by A(z) = Q" 2x + z. We claim that

A(B(0,r)) = {x eER": (z — CTT)TQ(.%‘ —z) < r2} = E(SE,Q/’I“Z).
Indeed, let = € B(0,r) and consider the point A(x). We compute
(A(x) = )" Q(A(x) — 2) = 27 Q7?QQ ™ w = 2w <1

i.e., A(B(0,7)) C E(%,Q/r?). Conversely, let x € E(z,Q/r?). Consider the point y = Q'/?(x —
z) = A7Y(x). Then, we have yTy < r2, which implies that E(z,Q/r?) C A(B(0,r)). Hence, we
conclude from the above calculation and Proposition 4 that E(Z,Q/r?) is convez.

1.2.2 Perspective Functions

Define the perspective function P : R” x R — R" by P(x,t) = x/t. The following proposition
shows that convexity is preserved by perspective functions.

Proposition 5 Let P: R" xR — R” be the perspective function and S C R" xR,y be a convex
set. Then, the image P(S) = {x/t € R" : (z,t) € S} is convex. Conversely, if T C R™ is a convex
set, then the inverse image P~1(T) = {(z,t) € R* x Ry, : &/t € T} is convex.

Proof For any x1 = (Z1,t1) € R" X Ry, 9 = (Za,t2) € R” x R4 4, and a € [0, 1], we have

Plazy + (1— a)ay) = 0;2 1 8 - Zifj = BP(21) + (1= B)P(x2),

where




Moreover, as « increases from 0 to 1, § increases from 0 to 1. It follows that P([xi,x2]) =
[P(z1), P(x2)] € R™. This completes the proof. 0

The following result, which is a straightforward application of Propositions 4 and 5, shows that
convexity is also preserved under linear—fractional mappings (also known as projective mappings).

Corollary 1 Let A : R® — R™ ! be the affine map given by

Q

A(z) = [T x+

)

c d

where Q € R™*", ¢ € R®, u € R™, and d € R. Furthermore, let D = {x ceR*: e +d> 0}.
Define the linear—fractional map f: D — R™ by f = Po A, where P: R™ x Ry, — R™ is the
perspective function. If S C D is convez, then the image f(S) is convex. Conversely, if T C R™ is
convez, then the inverse image f~1(T) is convex.

1.3 Topological Properties

Given an arbitrary set S C R"”, recall that its interior is defined by
int(S) = {x € S: B(z,¢) C Sfor some € > 0}.

The notion of interior is intimately related to the space in which the set S lies. For instance,
consider the set S = [0,1]. When viewed as a set in R, then int(S) = (0,1). However, if we treat
S as a set in R?, then int(S) = (), since no 2-dimensional ball of positive radius is contained in S.
Such ambiguity motivates the following definition.

Definition 4 Let S C R"™ be arbitrary. We say that x € S belongs to the relative interior of S,
denoted by x € relint(S), if there exists an € > 0 such that B(x,e) Naff(S) C S. The relative
boundary of S, denoted by relbd(S), is defined by relbd(S) = cl(S) \ relint(S).

The following result demonstrates the relevance of the above definition when .S is convex.
Theorem 1 Let S CR"™ be non—empty and convex. Then, relint(S) is non—empty.

Proof Let k = dim(S) > 0. Then, S contains k + 1 affinely independent points g, x1, ..., Tk,
which generate the simplex A = conv({xg,...,zx}). Clearly, we have A C S. Moreover, since
dim(A) = k, we have aff(A) = aff(S). Thus, it suffices to show that relint(A) is non—empty.

Towards that end, let
k
_ 1
T = m ; Zi.

Clearly, we have Z € aff(A) = aff(S). Now, define V* = aff({zq, z1,...,Zi—1,Tit1,...,7x}) and let
€; = mingcyi ||z — Z||2. Then, we have ¢; > 0 for i = 0,1,..., k. Upon setting e = ming<;<, €, we
conclude that B(z,¢) Naff(S) C 5, as required. O

As one would expect, if we move from a point in the relative interior of a non—empty convex set
S to any other point in S, then all the intermediate points should remain in the relative interior of
S. Such observation is made precise in the following proposition.



Proposition 6 Let S C R"™ be non—empty and convex. For any x € cl(S) and 2’ € relint(S), we
have
(z,2'] ={az+ (1—a)z’ e R":a €[0,1)} C relint(S).

Proof Let a € [0,1) be fixed and consider Z = ax + (1 — a)z’. Since x € cl(S), for any € > 0, we
have z € S+ (B(0,¢) N aff(S)). Now, we compute

B(z,e)naff(S) = {az+ (1—a)z'}+ (B(0,€) Naff(S))
C {(1-a)d'} +aS+ (1+a)(B(0,¢) Naff(s))

oS+ (1—a) [B (w ! “‘e) n aff(S)} .

Y

Since 2’ € relint(.S), by taking € > 0 to be sufficiently small, we have

B <x’, +Ze> Naff(S) C S.

It follows that for sufficiently small € > 0, we have B(z,¢) Naff(S) C aS + (1 — «a)S = 5, where
the last equality is due to the convexity of S. This implies that Z € relint(S), as desired. O

Another topological concept of interest is that of compactness. Recall that a set S C R" is
compact if it is closed and bounded. In the context of optimization, compactness of the feasible
set, together with the continuity of the objective function, allows us to establish the existence of
an optimal solution. Specifically, we have the Weierstrass theorem, which asserts that if § C R"™
is a non—empty compact set and f : S — R is a continuous function, then f attains its maximum
and minimum on S (see, e.g., [10, Chapter 7, Theorem 18] or Section 3.1 of Handout C).

1.4 Projection onto Closed Convex Sets

Given a non—empty set S C R™ and a point z € R™\ S, a natural problem is to find a point in S
that is closest, say, in the Euclidean norm, to x. However, it is easy to see that such a point may
not exist (e.g., when S is open) or may not be unique (e.g., when S is an arc on a circle and x is
the center of the circle). Nevertheless, as the following result shows, the aforementioned difficulties
do not arise when S is closed and convex.

Theorem 2 Let S C R” be non—empty, closed, and convex. Then, for every x € R™, there exists
a unique point z* € S that is closest (in the Euclidean norm) to x.

Proof Let 2/ € S be arbitrary and consider the set T = {2z € S : ||z — 2|2 < ||z — 2'||2}. Note
that T is compact, as it is closed and bounded. Since the function z ~ ||z — z||3 is continuous,
we conclude by Weierstrass’ theorem that its minimum over the compact set 1" is attained at some
z* € T. Clearly, z* is a point in .S that is closest to x. This establishes the existence.

Now, let p* = ||z — 2*||2 and suppose that 21, zo € S are such that p* = ||z — z1||2 = ||z — 22]|2.
Consider the point Z = 1 (21 + 22). By Pythagoras’ theorem, we have

2

1
_ *\ 2 — *
1z =23 = ()" = 21 = 23 = (1) - 2= 2|5.

In particular, if z; # 22, then ||z — z||2 < (1*)?, which is a contradiction. This establishes the
uniqueness and completes the proof of the theorem. O



In the sequel, we shall refer to the point z* in Theorem 2 as the projection of x on S and
denote it by IIg(x). In other words, we have

11 = i — 2|2
s(x) argrzrgg!!w 2|3

The following theorem provides a useful characterization of the projection.

Theorem 3 Let S C R" be non—empty, closed, and conver. Given anyx € R", we have z* = IIg(x)
iff 2 €S and (z — 2*)T(x — 2*) <0 for all z € S.

Proof Let z* = Ilg(z) and z € S. Consider points of the form z(a) = az + (1 — o)z*, where
a € [0,1]. By convexity, we have z(a) € S. Moreover, we have |z* — z[j2 < ||z(a) — z||2 for all
a € [0,1]. On the other hand, note that

lz(a) —z)3 = (2" +alz—2") —2)T(z" +alz - 2*) —2)

= |z"— wH% +2a(z — z*)T(z* —z)+ 042Hz — Z*H%

Thus, we see that ||z(a) — z||3 > ||2* — z||3 for all « € [0,1] iff (2 — 2*)T(2* — ) > 0. This is

precisely the stated condition.

Conversely, suppose that for some 2’ € S, we have (z — 2/)?(z — 2/) < 0 for all z € S. Upon setting
z = Ilg(x), we have
(Is(z) — )" (z — =) < 0. (1)

On the other hand, by our argument in the preceding paragraph, the point IIg(z) satisfies
(2 — s(x))" (z — s(x)) < 0. (2)
Upon adding (1) and (2), we obtain
(Is(z) — =) (Is(x) - 2') = |[Ms(z) - #[3 < 0,

which is possible only when 2’ = IIg(x). O

We remark that the projection operator Ilg plays an important role in many optimization
algorithms. In particular, the efficiency of those algorithms depends in part on the efficient com-
putability of IIg. We refer the interested reader to the recent paper [4] for details and further
references.

1.5 Separation Theorems

The results in the previous sub—section allow us to establish various separation theorems of convex
sets, which are of fundamental importance in convex analysis and optimization. We begin with the
following simple yet powerful result.

Theorem 4 Let S C R™ be non-empty, closed, and convex. Furthermore, let x € R™\ S be
arbitrary. Then, there exists a y € R™ such that

max yTz < yTx.
z€S



Proof Since S is a non—empty closed convex set, by Theorem 2, there exists a unique point z* € S
that is closest to . Set y = x — z*. By Theorem 3, for all z € S, we have (z — z*)Ty < 0, which
implies that

y'z <yl =yle+yt (2 —a) =yle — |ly]3.
Since x € S, we have y # 0. It follows that

maxy’z =y" 2 =y x— |yl3 <y,
z€S

as desired. O

To demonstrate the power of Theorem 4, we shall use it to establish two useful results. The
first states that every closed convex set can be represented as an intersection of halfspaces that
contain it.

Theorem 5 A closed convez set S C R™ is the intersection of all the halfspaces containing S.

Proof We may assume that ) C S C R", for otherwise the theorem is trivial. Let x € R™\ S
be arbitrary. Then, by Theorem 4, there exist y € R and ¢ = max.csy’2 € R such that the
halfspace H™ (y,c) = {z € R" : yTz < ¢} contains S but not z. It follows that the intersection of
all the halfspaces containing S is precisely S itself. O

To motivate the second result, observe that Theorem 4 is a result on point—set separation. A
natural question is whether we can derive an analogous result for set—set separation. In other
words, given two non—empty and non—intersecting convex sets, is it possible to separate them using
a hyperplane? As it turns out, under suitable conditions, we can reduce this question to that
of point—set separation. Consequently, we can apply Theorem 4 to obtain the desired separation
result.

Theorem 6 Let S1,S5 C R™ be non—empty, closed, and convex with S1 N So = (). Furthermore,
suppose that So is bounded. Then, there exists a y € R™ such that

max yTz < min yTu.
2€51 UES?

Proof First, note that the set S} —Se = {z —u € R": z € 51, u € S3} is non—empty and convex.

Moreover, we claim that it is closed. To see this, let x1,z9,... be a sequence in S1 — S such that
zr — x. We need to show that x € S1 — Ss. Since x € S1 — S, there exist z;, € S1 and ug € S
such that zj = 2 —uy, for K =1,2,.... Since Sy is compact, there exists a subsequence {uy, } such

that uy, — u € S. Since zy, — x, we conclude that 2z, — = + u. Since Sj is closed, we conclude
that © +u € S;. It then follows that x = (x + u) —u € S — Sa, as desired.

We are now in a position to apply Theorem 4 to the non—empty closed convex set S; — S5. Indeed,
since S1 NSy = ), we see that 0 € S; — S5. By Theorem 4, there exist y € R", z* € S1, and u* € Sy
such that

T(z* —u*) = max yTv <0.

y vES]—S2

Since Sy is compact, we have y'u* = min,cg, y* u. This implies that y? 2* = max.cs, y? 2. Hence,
we obtain

max yTz < min yTu,
z€51 u€So

as desired. 0



2 Convex Functions

2.1 Basic Definitions and Properties

Let us now turn to the notion of a convex function.

Definition 5 Let f : R — RU {400} be an extended real-valued function that is not identically
+00.

1. We say that f is convex if

flax1+ (1 —a)zs) < af(r1) + (1 — ) f(z2) (3)
for all z1,z9 € R™ and a € [0,1]. We say that f is concave if —f is convez.
2. The epigraph of f is the set epi(f) = {(z,t) e R" x R: f(x) < t}.
3. The effective domain of f is the set dom(f) = {z € R": f(z) < 4+o0}.

A major advantage of allowing f to take the value 400 is that we do not need to explicitly specify
the domain of f. Indeed, if the function f is defined on a set S C R"”, then we may simply extend
f to R™ by setting f(z) = 400 for all ¢ S and obtain dom(f) = S.

The relationship between convex sets and convex functions is explained in the following propo-
sition, whose proof is left as an exercise to the reader.

Proposition 7 Let f : R™ — RU {400} be as in Definition 5. Then, f is convez (as a function)
iff epi(f) is convex (as a set).

A simple consequence of Proposition 7 is that if f is convex, then dom(f) is convex. This follows
from Proposition 4 and the observation that dom(f) is the image of the convex set epi(f) under a
projection (which is a linear mapping). Another useful consequence of Proposition 7 is the following
inequality.

Corollary 2 (Jensen’s Inequality) Let f : R" — R U {+oo} be as in Definition 5. Then, f is

convex iff
k k
f (Z Oéﬂi) <> aif(w)
i=1 i=1
for any x1,...,z € R" and oy, ..., a € [0,1] such that Zle o; = 1.

Proof The “if” part is clear. To prove the “only if” part, we may assume without loss of generality
that x1,...,z, € dom(f). Then, we have (z;, f(x;)) € epi(f) fori =1,..., k. Since epi(f) is convex
by Proposition 7, we may invoke Proposition 2 to conclude that

k k k
> ai(ws, fr) = (Z i, Z%‘f(%’)) € epi(f).
i=1 i=1 i=1
However, this is equivalent to

k k
f (Z; ai$i> < z;oéif(ﬂvi),

10



which completes the proof. a

The epigraph epi(f) of f is closely related to, but not the same as, the t—level set Li(f) of f,
where L(f) = {x € R" : f(z) <t} and ¢t € R is arbitrary. One obvious difference is that epi(f) is
a subset of R"” x R, but L;(f) is a subset of R”. However, there is another, more subtle, difference:
Even if L;(f) is convex for all ¢t € R, the function f may not be convex. This can be seen, e.g.,
from the function = — 23. A function whose domain is convex and whose t-level sets are convex
for all ¢t € R is called a quasi—convex function. The class of quasi—convex functions possesses nice
properties and is important in its own right. We refer the interested reader to [5, 8] for details.

Now, let f: R” — RU {400} be a convex function, so that epi(f) is a non-empty convex set
by Proposition 7. Suppose in addition that epi(f) is closed. By Theorem 5, we know that epi(f)
can be represented as an intersection of all the halfspaces containing it. Such halfspaces take the
form H=((y,50),¢) = {(z,t) € R® x R : yTa + yot < c} for some y € R and yo,c € R. In fact, it
suffices to use only those halfspaces with yp = —1 in the representation. To see this, suppose that
epi(f) € H ((y,v0),c) and consider the following cases:

Case 1: yo # 0. Then, we must have yy < 0 (since we can fix = € dom(f) and take t > f(x) to be
arbitrarily large), in which case we may assume without loss that yg = —1 (by scaling y and ¢).

Case 2: yo = 0. We claim that there exists another halfspace H™ ((y,—1),¢) such that epi(f) C
H=((g,—1),¢). Indeed, if this is not the case, then every halfspace containing epi(f) is of the form
H~((y,0),c) for some y € R" and ¢ € R. This implies that f = —oo, which is impossible.

Next, we show that for every (Z,t) ¢ H ((y,0),c), there exists a halfspace H™ ((y',—1),¢)
with ¢/ € R", ¢ € R such that epi(f) € H ((v,—-1),d) and (z,t) ¢ H ((y/,—1),¢). This
would imply that halfspaces of the form H™((y,0),c) with y € R™ and ¢ € R are not needed in the
representation of epi(f). To begin, observe that for any (z,t) € epi(f), we have (x,t) € H ((y,0),¢)
and (x,t) € H=((y,—1),¢), which means that y7x — ¢ < 0 and g7z — & < t. It follows that for any
A >0,

Mylz —e)+ 57z —c<t.
Moreover, since y'Z — ¢ > 0, for sufficiently large A > 0, we have A(y'Z —¢) + g’z — ¢ > L.
Thus, by setting ¢ = Ay + ¢y and ¢ = Ac + ¢, we conclude that epi(f) € H ((y',—1),c) and
(z,t) € H-((y/,—1),¢), as desired.

It is not hard to see that the halfspace H ((y,—1),c¢) is the epigraph of the affine function
h : R® — R given by h(z) = yTa — c¢. Moreover, if epi(f) € H ((y,—1),c), then h(z) < f(x)
for all x € R™. (This is obvious for x ¢ dom(f). For x € dom(f), note that (z, f(x)) € epi(f) C
H=((y,—1),c) implies yTx — f(x) < ¢, or equivalently, h(z) < f(z).) Since the intersection of
halfspaces yields the epigraph of the pointwise supremum of the affine functions induced by those
halfspaces, we obtain the following theorem:

Theorem 7 Let f: R"™ — RU{+o00} be a convex function such that epi(f) is closed. Then, f can
be represented as the pointwise supremum of all affine functions h : R™ — R satisfying h < f.

Motivated by Theorem 7, given a convex function f : R™ — RU {+o0}, we consider the set
Sr={(y.c) eER" xR:y"z —c < f(z) for all z € R"},

which consists of the coefficients of those affine functions h : R® — R satisfying h < f. Clearly,
we have y'z — ¢ < f(z) for all z € R™ iff sup,cgn {y"2 — f(z)} < c. This shows that Sy is the
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epigraph of the function f*: R™ — R U {400} given by

f(y) = sup {y"'z— f(x)}.

zeR™

Moreover, observe that Sy is closed and convex. This implies that f* is convex. The function f*
is called the conjugate of f. It plays a very important role in convex analysis and optimization.
We shall study it in greater detail later.

2.2

Convexity—Preserving Transformations

As in the case of convex sets, it is sometimes difficult to check directly from the definition whether a
given function is convex or not. In this sub—section we describe some transformations that preserve
convexity.

Theorem 8 The following hold:

(a)

(b)

(c)

(d)

(Non—Negative Combinations) Let fi,..., fm : R" — R U {400} be convex functions
satisfying N dom(f;) # 0. Then, for any o, ..., am > 0, the function f: R™ — RU {+oo}
defined by

flz) = E a; fi(x)
i=1
1S convex.

(Pointwise Supremum) Let I be an index set and { f; }ic1, where f; : R™ — RU{+o0} for all
i € I, be a family of convex functions. Define the pointwise supremum f : R” — RU{+o0}
of {fitier by
f(z) = sup fi(z).
iel
Suppose that dom(f) # (0. Then, the function f is convez.

(Affine Composition) Let g : R" — RU{+o0} be a convez function and A : R™ — R"™ be an
affine mapping. Suppose that range(A)Ndom(g) # 0. Then, the function f : R™ — RU{+o0}
defined by f(z) = g(A(x)) is conver.

(Composition with an Increasing Convex Function) Let g : R" — R U {400} and
h: R — RU{+oc0} be convex functions that are not identically +oo. Suppose that h is
increasing on dom(h). Define the function f :R"™ — RU {400} by f(x) = h(g(z)), with the
convention that h(+00) = +oo. Suppose that dom(f) # (. Then, the function f is convez.

(Restriction on Lines) Given a function f : R" — RU {400} that is not identically oo,
a point g € R™, and a direction h € R™, define the function fwo,h : R = RU {400} by
j;o’h(t) = f(xzo + th). Then, the function f is convex iff the function fa;o,h is convex for any
zo € R"™ and h € R".

The above results can be derived directly from the definition. We shall prove (e) and leave the rest
as exercises to the reader.
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Proof of Theorem 8(e) Suppose that f is convex. Let xg,h € R™ be arbitrary. Then, for any
ti,t2 € R and « € [0, 1], we have

fron(ati + (1 —a)ta) = f(xo+ (aty + (1 — a)ta)h)
= flalxg+t1h) + (1 — a)(zo + t2h))
< af(xzo+tih) + (1 — a) f(xo + t2h)
= afapn(t) + (1 — ) fagn(t2);

i.e., fxo,h is convex. Conversely, suppose that fxo’h is convex for any xzg,h € R™. Let 1,290 € S
and a € [0,1]. Upon setting g = x1 € R" and h = 9 — 1 € R™, we have

F((1 =)z +aws) = fon(a)
= fron(a-14(1—a)-0)
< afugn(1) + (1= @) fren(0)
= af(@2) + (1 - a)f(z1);

i.e., f is convex. This completes the proof. O

2.3 Differentiable Convex Functions

When a given function is differentiable, it is possible to characterize its convexity via its derivatives.
We begin with the following result, which makes use of the gradient of the given function.

Theorem 9 Let f: Q) — R be a differentiable function on the open set 2 CR™ and S C Q be a
convex set. Then, f is convex on S (i.e., the inequality (3) holds for all 1,22 € S and o € [0,1])

iff
fl@) > f(@) + (V@) (z—z)

forallx,z € S.

To appreciate the geometric content of the above theorem, observe that = +— f(z)+(Vf(Z))! (z—2)
is an affine function whose level sets are hyperplanes with normal V f(z) and takes the value f(z)
at . Thus, Theorem 9 stipulates that at every & € S, the function f is minorized by an affine
function that coincides with f at Z.

Proof Suppose that f is convex on S. Let z,z € S and « € (0,1). Then, we have
flar+ (1 —a)r) - (1 -a)f(z) _ £(7) + f@+alz—z)) - fz)

« (&%

f(z) >

Now, recall that
L f@ o —7) - [(@)
a0 o

is the directional derivative of f at Z in the direction x — Z and is equal to (Vf(2))T (z — ) (see
Section 3.2.2 of Handout C). Hence, upon letting @ N\, 0 in (4), we have

flx) = f(@) + (Vf(@)" (z - 2),
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as desired.

Conversely, let z1, 22 € S and o € (0,1). Then, we have Z = az; + (1 — a)xg € S, which implies
that

fler) > f(@)+ 1= a)(VI@) (21— 22), (5)
flaz) = f(@)+a(Vf(@)" (22— a1). (6)
Upon multiplying (5) by a and (6) by 1 — @ and summing, we obtain the desired result. O

In the case where f is twice continuously differentiable, we have the following characterization:

Theorem 10 Let f: S — R be a twice continuously differentiable function on the open convex set
S CR™. Then, f is convex on S iff V2f(z) = 0 for allz € S.

Proof Suppose that V2f(z) = 0 for all z € S. Let z1, 22 € S. By Taylor’s theorem, there exists
an T € [z, z2] C S such that

f@2) = f(m1) + (Vf(1)) (22 — 21) + %(@ — 21)T V2 f(Z) (22 — 1) (7)

Since V2f(z) = 0, we have (zy — 1) V2f(Z)(z2 — 21) > 0. Upon substituting this inequality
into (7) and invoking Theorem 9, we conclude that f is convex on S.

Conversely, suppose that V2f(z) # 0 for some & € S. Then, there exists a v € R" such
that vTV2f(Z)v < 0. Since S is open and V2f is continuous, there exists an ¢ > 0 such that
T =2+eweSand v!'V2f(Z + a(z —7))v <0 for all a € [0,1]. This implies (by taking x; = 7
and zo = 7’ in (7)) that f(z') < f(z) + (Vf(z))T(z' — 7). Hence, by Theorem 9, we conclude that
f is not convex on S. This completes the proof. O

We point out that Theorem 10 only applies to functions f that are twice continuously differen-
tiable on an open convex set S. This should be contrasted with Theorem 9, where the function f
needs only be differentiable on a conver subset S’ of an open set. In particular, the set S’ need not
be open. To see why S must be open in Theorem 10, consider the function f : R? — R given by
f(z,y) = 2% — y%. This function is convex on the set S = R x {0}. However, its Hessian, which is
given by

Vien =y G| remer

is nowhere positive semidefinite.

2.4 Establishing Convexity of Functions

Armed with the tools developed in previous sub-sections, we are already able to establish the
convexity of many functions. Here are some examples.

Example 4 (Some Examples of Convex Functions)
1. Let f: R" x 8%, — R be given by f(z,Y) =2TY 1. We compute
epi(f) = {(#,Y,r)eR" xS}, xR:Y =0,27Y 'z <r}
— {(x,y,r)eR"x5$+xR: [;} f] 50,Y>0},
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where the last equality follows from the Schur complement (see, e.g., [2, Section A.5.5]). This
shows that epi(f) is a convexr set, which implies that f is convex on R™ x S, .

. Let f : R™*™ — Ry be given by f(X) = || X2, where || - ||2 denotes the spectral norm or
largest singular value of the m x n matriz X. It is well known that (see, e.g., [6])

f(X) =sup {uTXv lulle =1, vl = 1}.

This shows that f is a pointwise supremum of a family of linear functions of X. Hence, f is
convex.

. Let||-|| : R™ — R4 be a norm on R™ and f : R™ — Ry be given by f(z) = ||z||P, where p > 1.
Then, for any x € R", we have f(z) = g(||z|), where g : Ry — Ry is given by g(z) = 2P.
Clearly, g is increasing on Ry and conver on Ry (e.g., by verifying ¢"(z) > 0 for all z > 0).
To show that g is convex on Ry, it remains to verify that for any z € Ry and o € [0, 1],

gla-0+(1—a)z)=(1—a)PzP <(1—a)zf =ag(0) + (1 —a)g(2).
Hence, by Theorem 8(d), we conclude that f is convez.

. Let f:R" — R be given by f(x) =log (D1, exp(x;)). We compute

exp(zi) exp(2z;) ifi=i
f ) Xime(@) (3L exp(ai)’ ’
Ox;x; B _ exp(z; + x;) e
(S, exp(a))? e
This gives
V3f(x) = % ((eTz) diag(z) — zz") |
(eTz)
where z = (exp(x1), . ..,exp(xy)). Now, for any v € R™, we have
i n n n 2
1

n n n

- o (Z(ﬂ")?) (ZWUZV) ) <Zf(f)>

i=1 i=1 i=1

>

o

by the Cauchy—Schwarz inequality. Hence, f is convex.

. ([2, Chapter 3, Ezercise 3.17]) Suppose that p € (0,1). Let f : R}, — R be given by
flx)y=_C2r8 xp)l/p. We compute

=11

1

n pT 2 n
2 2(p-1) e
g o) (S|
Ox;z; - n p~1-2
(1-p) (Z xﬁ-’) ol el if i # j.
=1



This gives

-1
n

pT =2 n
Vi f(z)=(1~-p) (Z wf) [— (Z :cf) diag (le)—27 . ,xﬁ”) + 227
i=1

)

i=1
where z; = :cffl fori=1,...,n. Now, for any v € R", we have
n p'-2 n n n 2
-2 -1
vIV2f(x)v = (1 —p) (Z mf) - (Z mf) (Z vix? > + (Z via? ) <0,
i=1 i=1 i=1 i=1
since

_ (z:; xf) (Z:; v?a;f—2> n (zn; (ingp—m/?) (xgy/a))Z <0

1=

by the Cauchy-Schwarz inequality. It follows that f is concave on R}, .

. Let f: 8", — R be given by f(X) = —Indet X. For those readers who are well versed in
matriz calculus (see, e.g., [7] for a comprehensive treatment), the following formulas should
be familiar:

VIX)=-X"1 VX)=X"'eXx "
Here, ® denotes the Kronecker product. Since X' = 0, it can be shown that X 1@ X1 = 0.
It follows that f is convex on ST, .

Alternatively, we can establish the convexity of f on St by applying Theorem 8(e). To
begin, let Xog € SY, and H € S8". Define the set D = {t € R : Xg+tH - 0} = {t e R :
Amin(Xo + tH) > 0}. Since Apin is continuous (see, e.g., [12, Chapter IV, Theorem 4.11]),
we see that D is open and convexr. Now, consider the function JEXO,H : D — R given by
Fxo.m(t) = f(Xo+tH). For any t € D, we compute

fxom(t) = —Indet(Xo+ tH)
= —ndet (X3 (1+2x; 120X %) X%
= — (Z In(1 +t\;) + Indet X0>
=1

and

- n A2
1 t — 7 >
on,H( ) gt (1 +t)\i)2 = 07
where A1, ..., A\, are the eigenvalues of X&1/2HX51/2. It follows that fXO’H is conver on D.

This, together with Theorem 8(e), implies that f is convex on SY .
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2.5 Non—Differentiable Convex Functions

In previous sub—sections we developed techniques to check whether a differentiable convex function
is convex or not. In particular, we showed that a differentiable function f : R™ — R is convex iff
at every 7 € R", we have f(x) > f(z) + (Vf(z))'(z — 7). The latter condition has a geometric
interpretation, namely, the epigraph of f is supported by its tangent hyperplane at every (Z, f(T)) €
R™ x R. Of course, as can be easily seen from the function = — |z|, not every convex function
is differentiable. However, the above geometric interpretation seems to hold for such functions as
well. In order to make such an observation rigorous, we need to first generalize the notion of a
gradient to that of a subgradient.

Definition 6 Let f: R™ — RU {+oo} be as in Definition 5. A vector s € R™ is called a subgra-
dient of f at T if
f(x) > f(@)+ s (x — ) for all z € R™. ()
The set of vectors s such that (8) is called the subdifferential of f at T and is denoted by Of(Z).
Note that 0f(Z) may not be empty even though f is not differentiable at z. For example, consider
the function f : R — R given by f(x) = |z|. Clearly, f is not differentiable at the origin, but it can
be easily verified from the definition that df(0) = [—1,1].
In many ways, the subdifferential behaves like a derivative, although one should note that the

former is a set, while the latter is a unique element. Here we state some important properties of
the subdifferential without proof. For details, we refer the reader to [11, Chapter 2, Section 2.5].

Theorem 11 Let f: R" — RU {400} be a convex function that is not identically +oo.

(a) (Subgradient and Directional Derivative) Let

, _ o fla+td) — f(z)
f(w,d)—}lgg) "

be the directional derivative of f at x € R™ in the direction d € R"\{0}, and let = €
intdom(f). Then, Of(x) is a non—empty compact convex set. Moreover, for any d € R",
we have f'(x,d) = maxseyp(z) s d.

(b) (Subdifferential of a Differentiable Function) The convex function f is differentiable at
x € R"™ iff the subdifferential Of(x) is a singleton, in which case it consists of the gradient of
f at x.

(c) (Additivity of Subdifferentials) Suppose that f = f1 + fa, where f; : R — RU {400}
and fo : R™ — RU {400} are conver functions that are not identically +o00. Furthermore,
suppose that there exists an xo € dom(f) such that fi is continuous at xy. Then, we have

Of(z) = 0fi(x) + 0f2(x) for all x € dom(f).

Theorem 11(a) states that the subdifferential Jf of a convex function f is non—empty at any
x € intdom(f). This leads to the natural question of what happens when = € bddom(f). The
following example shows that 0f can be empty at such points.
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Example 5 (A Convex Function with Empty Subdifferential at a Point) Let f : R" —

R U {400} be given by
—. /1 = 2 <
f(l‘) _ 1 HxHQ if ||:EH2 <1,

+00 otherwise.

It is clear that f is a convex function with dom(f) = B(0,1) and is differentiable on int dom(f) =
{z e R" : ||z||2 < 1}. It is also clear that Of(x) =0 for all x ¢ dom(f). Now, let z € bddom(f) =
{x € R": ||z||2 = 1} be arbitrary. If s € Of(Z), then we must have

f(@)=—+/1— |z} > s (x —7) forallz € B(0,1). 9)

Without loss of generality, we may assume that T = e1. For a € [—1,1], define x(a) = ae; €
B(0,1). From (9), we see that s € R™ satisfies

fz(a))=—=V1—a2>as;—s1 foralac[-1,1].

However, this implies that s1 > \/(1+ a)/(1 — a) for all a € [~1,1), which is impossible. Hence,
we have Of(Z) =0 for all & € bd dom(f).

To further illustrate the concepts and results discussed above, let us compute the subdifferential
of the Euclidean norm.

Example 6 (Subdifferential of the Euclidean Norm) Let f : R" — R be given by f(z) =
|lz||2. Note that f is differentiable whenever x # 0. Hence, by Theorem 11(b) we have Of(x) =

{Vi(@)} = {z/llxll2} for all z € R™\ {0}.
Now, recall from Definition 6 that s € R"™ is a subgradient of f at O iff ||z|o > sTx for all
x € R™. It follows that 0f(0) = B(0,1).

3 Further Reading

Convex analysis is a rich subject with many deep and beautiful results. For more details, one can
consult the general references listed on the course website and/or the books [3, 13,9, 5, 1, 11].
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