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1. Introduction In this paper we consider the problem of finding a low-rank approximate solu-
tion to a system of linear equations in symmetric, positive semidefinite (psd) matrices. Specifically, let
Az1;::Am 2 R™*" be symmetric psd matrices, and let by;:::;bn 0. Consider the following system of

linear equations:

Ai X =b fori=1;:::;m; X 0; symmetric D)
where P Q = Tr(PT Q) is the Frobenius inner product of the two matrices P and Q. It is well-known
(Barvinok [2]; see also I?ﬂ/inok [3], Pataki [L3]) that if ([@) is feasible, then there exists a solution X 0
of rank no more than = 2m. However, in many applications, such as graph realization (So and Ye [14])
and dimensionality reduction (Matou3ek [10], Weinberger and Saul [15]), it is desirable to have a low-rank
solution, say, a solution of rank at most d, where d 1 is fixed. Of course, such a low—rank solution may
not exist, and even if it does exist, one may not be able to find it e [ciehtly. Thus, it is natural to ask
whether one can e [ciehtly find an Xo 0 of rank at most d (where d 1 is fixed) such that X satisfies
(@ approximately, i.e.:

(m;n;d) b Aj Xo (m;n;d) b fori =1;:::;m )

for some functions 1l and 2 (0;1]. The quality of the approximation will be determined by how
close and are to 1. Our main result is the following:

there exists an X 0 such that A; X =h fori =1;2;:::;m. Let r = minf 2m;ng. Then, for any
d 1, there exists an Xo 0 with rank(Xy) d such that:

(m;n;d) b A;j Xo (m;n;d) b fori=1;:::;m

where: 1
@ 12In(4mr) forl d 12In(4mr)
(m;n;d) = — ®

=h M for d > 12In(4mr)
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and 1 1
%W for1 d 4In(2m)
(m;n;d) = I N (4)
%x _t . 1 M for d > 4In(2m)
e(2m)2=d’ d

Moreover, there exists an e [cieht randomized algorithm for finding such an X,.

Before we discuss the proof and the applications of Theorem [[T], several remarks are in order.
Remarks.

(i) While the upper bound @) depends on the parameter r (which can be viewed as a worst—case
bound on max;<j<m rank(A;)), the lower bound @) does not have such a dependence.

(ii) From the definition of r, we see that the upper bound (@) can be made independent of n and the

(iii) The constants can be improved if we only consider one-sided inequalities.

2. Proof of the Main Result We first make some standard preparatory moves (see, €.g., Barvinok
[3], Luo et al. [9], Nemirovskietal. [IZ]). LetX Obea sowﬁﬂ] to the system (). By a result of Barvinok
[2] and Pataki [T3], we may assume that ro  rank(X) < 2m. Let X = UUT for some U 2 R"*"°, and
set AP=UTAjU 2 R™o>fo where i = 1;:::;m. Then, we have A” 0, rank(A5  minfrank(A;);rog,
and

] ]
h=A X=UAU |=A"1=TrAD
Moreover, if X§' 0 satisfies the inequalities:
(m;n;d) b AP X§  (m;n;d) b fori =1;::::m
then upon setting Xo = UX{UT 0, we see gat rank(Xo) rank(Xg), and
Ai Xo= UTAU Xf=AF xJ

i.e. X satisfies the inequalities in @). Thus, in order to establish Theorem [LT] it su [ced to establish
the following:

Theorem [T Let Ay;:::;Anm 2 R"™™" be symmetric psd matrices, where n < pm Then, for any
d 1, there exists an Xo 0 with rank(Xy) d such that:
(m;n;d) Tr(Aj) A; Xo (m;n;d) Tr(A;) fori=1;:::;m (5)

where (m;n;d) and (m;n;d) are given by @) and (@), respectively.

In the sequel, let d 1 be a given integer. The proof of Theorem [T involves analyzing the following
simple randomized procedure:

Algorithm 1 Procedure GenSoln
Input:  Anintegerd 1.
Output:  An psd matrix X of rank at most d.

1: generate i.i.d. Gaussian random variables ! with mean 0 and variance 1=d, and define | =

Let X be the output of Procedure GenSoln. Clearly, we have Xg 0 and rank(Xo) d. Moreover,
for any H 2 R"™", we have E[H Xgo] = Tr(H). We now claim that X, satisfies @) with constant
probability. This is established via the following propositions, which form the heart of our analysis.

Proposition 2.1 Let H 2 R"™" be a symmetric psd matrix of rank at least 1. Then, for any 2 (0;1),
we have: | 1
Pr(H X Tr(H)) exp E(1 +In ) exp E(1+In ) (6)
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Proof. Consider the spectral decomposition H = E% V\ﬁre b rank(H) 1 and

1 Drg_ r > 0. Then, we h_ave H Xo= 4 o1k Vg J"". Now, observe that

u= v, ! i N (0;d™l,q). Indeed, V|I I is a Gaussian random variable, as it is the sum of Gaussian
random variables. Moreover, we have:

(]|

1
— T —
—a Vi Vi 1{]':]-0}—6 l{k:|;j:j0}

Since uncorrelaﬁﬁﬁsihin random variables are independent, it follows that H X, has the same
distributionas ., L « & » where ; arei.i.d. Gaussian random variables with mean 0 and variance

1=d. In particular, we have:

i 0

O b
E%' =0 and E%J A

1 —1 [ 1
L 1.1 L 1 C ¥ 11
Pr(H Xo Tr(H)=pPr L K  L=pr L1 K L1
k=1 j=1 k=1 k=1 j=1
where _k: k=( 1+ + ) for k=1;:::;r. Now, we compute:
[ ] [ ] 1 ] 1

L1
Pr :l':'j??'kj C=lpr Cexp L+ K %kj L_kxp( t YL—(forallt 0)

k

k=1 j=1 k=1 j=1
I T (|
exp(t ) E lLexp L4 k k% L (by Markov’s inequality)
k=1 j=1
Iy N [T
=exp(t ) E exp t k?l (by independence)
k=1

. . O O . oj _
Recall that for a standard Gaussian random variable , we have E exp t 2 = (1+ 2t)~'72 for all
t 0. Thus, it follows that: -
5, e 5,
Pr(H Xop Tr(H)) exp(t ) 1+T =exp(t ) exp 3 In 1+T
k=1 k=1

Now, note that for any fixedt 0, the functiong; : R" ! R de@rsre_dlbygt(x) = (d=2) - In(1+2txx=d)
is convex. Hence, its maximum over the simplex fx 2 R" : |, x; =1, x 0g is attained at a vertex

of the simplex. This implies that:
1 —1 ot (W
Pr(H Xo Tr(H)) exp t 5In 1+E
It is easy to show that the function t 7! exp(t (d=2) In(1 + 2t=d)) is minimized at t~%= d(1 )=2 .
Moreover, we have t=> 0 whenever 2 (0;1). It follows that:
1

Pr(H X Tr(H)) exp E(1 +In )
as desired. 2

Proposition 2.2 Let H 2 R"™" be a symmetric psd matrix with r rank(H) 1. Then, for any

> 1, we have: .
Pr(H Xo Tr(H)) r exp E(1 +In ) @)
Enfﬁ Consi h k-1 d iti = y h h =
E,gf) f quszﬁder the rank-1 ecomposmon H = ., &G . Then, we have H Xgo =
k=1 jo1 % . Observe that g | is a Gaussian random variable with mean 0 and vari-

ance 2 9_1 oh ke where g is the I-th coordinate vector. Moreover, we have ., £ =
€

2 k=1 1 e T =% Tr(H). It follows that:
1 1 1
_ I 10 1 11
or xo Ty =pr DT B T SRR g

k=1 j=1 k=1 k=1 i=1
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H B

To bound the last quantity, we first note that E i=1

2. Hence, for any t 2 [0; 1=2) and

k=1;:::;r, we have:
1 1 1 1 1 1
prlzl% i@ d EIZIpr@pIII I(—ZI:}(,‘< iglzlexp(td)lzl
i=1 j=1

exp( td) (1 2t)79%?

Now, the function t 7! exp( td ) (1 2t)~92 is minimized at t™%= ( 1)=2 . Moreover, we have
tt2 (0;1=2) whenever 2 (1;1). It follows that:
pri—1q ! d 20192 exp = =exp ;1 +In) 9)
j=1
Upon combining @) and (@), we obtain:
1

Pr(H X Tr(H)) r exp E(1 +In )

as desired. 2

Remarks. The reader may wonder why we do not follow the proof of Proposition Z7 and get rid of
the extra factor of r in [@). Indeed, following the argument in Proposition Z7, we have:
1 q 1 ot (|
Pr(H Xo Tr(H)) exp t 2 In 1 r

for all t 2 [0;1=2). Now, the quantity on the right-hand side is minimized at t =% d( D=2 . Ifd=1,
then we have t&2 (0;1=2), whence we obtain the following improvement over ({):

(10)

Pr(H X Tr(H)) exp %(1 +In )

However, ifd 2, then we have t™' 1=2 whenever d=(d 1). Inparticular,ifd 2and d=(d 1),
then the minimum of the functiont 7! t (d=2)In(1  2t=d) over [0;1=2] occurs at t=%= 1=2. Upon
substituting this into ([I0), we have:

1 1 1  [II1

Pr(H Xo Tr(H)) exp % +dIn 1 % 2exp( =2)

which can be inferior to ([@) in the applications that we are interested in.

[
Proof of Theorem [L.T. We first establish the lower bound. Let = e(2m) Dl. Note that
2 (0;1) foralld 1. Hence, by Proposition T, we have:

Pr(Ai Xo Tr(A))) exp > =2m fori =1;:::;m
which implies that:
—1 1 —1 1
Pr Ai X() W Tr(A|) foralli = 1, oaym E (11)
On the other hand, if d > 4In(2m), then we can obtain an alternative bound as follows. Write =1 U
for some ™2 (0;1). Using the inequality In(1  x) X x?=2, which is valid for all x 2 [0; 1], we have:
2
1 +In = "In@ H -
—1
Now, let P= ‘””(dﬂ. Since d > 4In(2m), we have Y2 (0;1). It then follows from Proposition 21
that: 1 1

Pr(A; Xo Tr(Ai)) exp d° -
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which in turn implies that:
1

11— —1 —1
Pr A Xo 1 w Tr(A;) foralli=1;:::;m % (12)
Upon combining ([I) and (I2Z), we obtain:
. 1
Pr(Ai Xo (m;n;d) Tr(A;) foralli=1;:::;m) 5 (13)
where (m;n;d) is given by @).
Next, we establish the upper bound. We write = 1+ Ufor some "> 0. Using the inequality

In(L+x) x x?=2+ x3=3, which is valid for all x> 0, it is easy to show that:
- for ©

— f 1

5 for
=i E

5 for0< <1

. p_—
Let T = 12'“(37”‘”). If T 1, then set "= T: otherwise, set Y= " T. In the former case, we have

1 +In = "SI+ Y (14)

d o] 1
Pr(Ai Xo Tr(A;)) rank(A;) exp 7 am
where the last inequality follows from the fact that rank(A;) n. In the latter case, we have ™2 (0;1),
and a similar calculation shows that:

I:(Ij o 1
Pr(Ai Xo Tr(A;))) rank(A;) exp ETE am
fori =1;:::;m. Hence, we conclude that:
Pr(Ai Xo (m;n;d) Tr(A)) foralli=1;:::;m) 1 % =% (15)
where (m;n;d) is given by @).
Finally, upon combining (C3) and (&), we conclude that:
T 1
Pr( (m;n;d) Tr(Ai) A Xo (m;n;d) Tr(A;)) foralli=1;:::;m) 1 Z+§ = 7
This completes the proof of Theorem [LTI. 2
3. Some Applications of the Main Result It turns out that Theorem [ provides a unified

treatment of and generalizes several results in the literature. These results in turn give some indication
on the sharpness of the bounds derived in Theorem [Tk

(i) (Metric Embedding) Let *5 be the space RP equipped with the Euclidean norrrt%et 2 Ee;bthe
space of infinite sequences x = (X1; X2;:::) of real numbers such that kxk; jzljxj j? <
Euclidean space as faithfully as possible. Specifically, we say that a mapf : V! ", isan D-
embedding (where D 1) if there exists a number r > 0 such that for all u;v 2 V, we have:

r ku vk kf@u) f(vka D r ku vk
The goal is to find an f such that D is as small @oss&le. Itis ﬂg‘@(Dasgupta and Gupta [4,

Matousek [T0]) that for any fixed d 1, an O n? d~llogn = —embeddingﬂ into g exists.
We now show how to derive this result from Theorem [[LI1 Let g be the i—th standard basis
vector in *g, and define Ej = (& ¢g)& )" forl i< n. Let U bethem n

1Given two functions f;g : R+ — R4, we say that (i) f(x)= O(g(x)) if there exist constants ¢ > 0 and xo > 0 such that
f(x) =c-g(x) for all x =xp, (i) f(x)= ( 9(x)) if there exist constants ¢ > 0 and xo > 0 such that f (x) = c- g(x) for all
X = xo; (i) f(x)= ( g(x)) if we have both f (x)= O(g(x)) and f (x)= ( g(x)).
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matrix whose i—th column is the vector v;, where i = 1;:::;n. Then, it is clear that the matrix

X = UTU satisfies the following system of equations:
Eij X = kv; \i k% forl i <j n
Now, Theorem [LT implies that we can find an X, 0 of rank at most d such that:

S — i —
O n* ki vk E; Xo 0 BN W yKk  forl i<j n

Upon taking the Cholesky factorization X = UO Uo, we recover a set of points ug;:::;up 2 5
such that: 1
:lzzd L logn o
Q n kvi vike ku uk: O a kvi viko forl <] n

as desired. Clearly, any improvements on either @) or @) will immediately yield an improved
bound on D for embeddings into “9. On the other hand, for any d here eX|st n n—point
set V in "9 such that any embedding of V into *$ requires D = Q =[(a+1) '2 (Matousek
[II]). We should also point out that by using dilerent techniques, Matousek [10] was able to

show that in fact an ©(n)-embedding into "¢ exists for the cases where d = 1;2.

If we do not restrict the dimension of the range of f , then by the Johnson-Lindenstrauss lemma
(Johnson and Lindenstrauss [7], Dasgupta and Gupta [4]), for any > 0 and any n—point set V
in ", there exists an (1 + )-embedding of V into "¢, where d = O( ~2logn). In Barvinok [3,
Chapter V, Proposition 6.1], the author generalizes this result and shows that if the assumptions
of Theorem [T are satisfied, then for any 2 (0;1) andd 8 —2log(4m), there exists an Xo 0
of rank at most d such that:

1 )b A Xo (@A+ )by fori =1;:::;m

Thus, Theorem [ complements Barvinok’s result and generalizes the corresponding results
in the study of bi-Lipschitz embeddings into low—dimensional Euclidean space (Dasgupta and
Gupta [4)], MatouSek [T0]). We remark that Alon [I] has shown that the dependence of d on
in the Johnson-Lindenstrauss lemma is almost tight. Specifically, there exists an n—point set
V in ", such that for any 2 (n~172;1=2), say, an (1 + )-embedding of V into 9 will require
d=Q(( 2log(1=))"*logn).

(i) (Quadratic Optimization with Homogeneous Quadratic Constraints) Consider the following opti-
mization problems:

[ imi T
Vmaxgp = Maximize xTAx N (16)
subjectto x'Ajx 1 i=1;:::;m
0o S T
Vmingp = Minimize xT AX N an
subjectto x'Ajx 1 i=1;:::;m
where Ay;:::; Ay are symmetric psd matrices. Both of these problems arise from various applica-
tions (see Luo et al. [9], Nemirovski et al. [IZ]) and are NP-hard. Their natural SDP relaxations
are given by:
Vmaxsdgp = Maximize A X
subjectto A; X 1 i=1:::;m (18)
X 0
Vminsgp = Minimize A X
subjectto A; X 1 i=1;:::;m (19)
X 0

It is clear that if X = xxT is a rank-1 feasible solution to (&) (resp. (@d)), then x is a feasible
solution to ([@8) (resp. ). Now, consider the maximization problem (&) and its SDP relaxation
([@3), where the objective matrix A can be indefinite. Suppose that Xmaxsdp is an optimal solution
to (@@). It has been shown in Nemirovski et al. [1Z] that one can extract a rapk-1 npatfix Xo

from X [osqp SUch that (i) X, is always feasible for (I8) and (i) A Xo Q mng Vimaxap
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with high probability. We now derive a similar result using Theorem [LT] and some tools from
probability theory. Let r = rank(X paysqp ), @nd let U 2 R™™" be such that X 14, = UUT. By
definition, the matrix X &J satisfies the following system:

maxsdp

Al Xpaxsgp =h 1 fori=1;::5m
Thus, by Theorem [T, the rank-1 matrix X§'= U TUT 0, where 2 R' is a standard
Gaussian random vector, satisfies:

Ai X§ O(ogm) b fori=1;:::;m (20)
with high probability, say, at least 49=50 (cf. (T&)). Moreover, we have:

EIA X[I=A xm?xsdp =y

maxsdp
Note that Vyassp  Vmaxgp O Since x = 0 is a feasible solution to (IH). Now, in order to
recover the result of Nemirovski et al. [I2], it su [ced to show that:

1 1 1
ProA X&' Viasdp

> % (21)
Indeed, @0) and @) together would imply that the matrix X 5’ 0 satisfies the following system:
A X§ Viasap s A Xg' O(logm) b fori=1;::5;m

with probability at lpast 1 {}=50+24=25) = 1=50. It then follows that with constant probability,
the matrix Xo =Q 21— X 0is feasible for ([8), and that:

log m
I:I1 1 :Il 1
1 1
A Xo Q m Vmaxsdp Q m Vmaxqp

as required. We remark that the gap between vng'xsdp and vn‘%'xqp can be as large as Q(log m);
see Nemirovski et al. [IZ].

In order to prove ), we proceed as follows. First, observe that:

1 1
Pra X vl = priT (UTAUY 1, v
r 0 Vmaxsdp - r ( )IJ ] Vmaxsdp
i=1 j=1
1 1
1
= prt—1 (@WTAU); i; oLl
1=si<j =r
Now, let
- 1,
Y = Wi i j where Wi = L1 (UTAU)ij Iz‘:l (UTAU)ij
I=si<j =r 1=si<j =r

1.
Note that E[Y] =0and E Y2 = 1. The following fact shows that we can bound the probability
Pr(Y 0) using bounds on the moments of Y:

(I
Fact 3.1 (He et al. [6]) Let Z be a random variable such that E[Z] = 0, E Z? = 1, and
E[iZjP] for some p> 2 and > 0. Then, we have:

Pr(z 0)> % 552

For p = 3, the bound above can be sharpened to:
P
+
Pr(z 0) B S+ 1)
2711+ 7)

It turns out that the problem of estimating the moments of Y has been extensively studied in
the literature. For instance, we have the following theorem:
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Fact 3.2 (Gnedenko [B]) Let ;:::; ; be i.i.d. standard Gaussian random variables, and let

wi , where 1 i<j r, be any real numbers. Then, for any p 3, we have:
1
1 ~
E Wi i j I:IZ_p_zE[jU]_ 1jp] (22)
=i<j =r

where U; is a chi-square random variable with one degree of freedom.

We remark that Fact B2 was originally stated for i.i.d. Bernoulli random variables (i.e. ;| = 1

immediately yields the version stated above.

Now, by Fact B2 we have:

O O 1 [ L —1
EjYiP @ ——— 1r— X 2721 x)3dx + xF2e™2(x  1)%dx 23
D B @ 0%dx+ x 1 (23)
We first bound:
x"12e752(1 x)®dx x71¥2@1 x)3dx = 32 (24)
0 0 35
Next, by using integration by parts, we compute:
) CL -
x"12e(x 1)%dx = x> 3x32 4+ 3x17? x71%2 dx
1 1
L
= 24e 12 +38 x 1272 gx
1
Since x~172e™2  @X=2=2 for x 4, we bound:
go I;l Ijo e—x:2
x 122 gx x 122 gy + dx
1 1 4
|:2| Irﬂ' e—x:2
e %2dx+ p—adx+e?
1 2 2
1 Clp ]
= 2 e et + P 2el e?2 +e?
It foIIo&that:
- - - P - 221
x F2e™2(x  1)%dx  40e 17 8IO 2(p2 1)e ! 8(p2 e 2< T (25)
1
Upon substituting (Z4) and Z3) into Z3), we have:
1.0
EYfP < 1 1611

2322 (2 )2 70
whence by Fact B we conclude that:

1
Pr(Y 0)> —
r( )25

thus establishing @I0). Incidentally, our bound in @&I) is slightly stronger than the one established
in He et al. [6].

Let us now turn our attention to the minimization problem ([7) and its SDP relaxation (). We
assume that the objective matrix A is psd, so that Vg Vininsap O+ Let Xy = UUT be
an optimal solution to (@), where U 2 R"™" and r = rank(X n‘%'sdp ). Let 2 R" be a standard

Gaussian random vector. Then, %Thgremﬂ:ﬂ, the ra&ll(—l matrix X ’'=U TUT 0 satisfies:
A Xg' QmT? A Xinsa fori=1;:::;m

with high probability. Moreover, we have E[A X [] = vl .. Now, by Markov’s inequality

minsdp
(since A X /[is a non-negative random variable), we have:

| 11
ProA Xg  2Vmnsap 5
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It follows that with constant probability, the matrix Xo = O(m?) X§ 0 is feasible for ([9),

and that A Xo O(m?) vn‘%'qp . In particular, we have recovered a result of Luo et al. [9]. We
remark that the gap between Vo, and vy, can be as large as Q(m?); see Luo et al. [9].

In Luo et al. [9] the authors also considered a complex versions of (&) and (@), in which the
matrices A and A; are complex Hermitian psd and the components of the decision vector x can
take on complex values. They show that if X 1)<y, (resp. X riq, ) is an optimal solution to the

corresponding SpPyrelaxation ([@8) (resp. (1), then one can extract a complex rank-1 solution

H 1
that achieves Q g m

bounds are also achievable for the real versions of (@8) and @) if we allow the solution matrix
to have rank at most 2. In particular, the complex versions of ([I8) and () with real symmetric
psd A and A;’s (i.e. only the decision vector takes on complex values) correspond precisely to
the real versions of (8) and (@) with a rank-2 constraint on X .

(resp. O(m)) times the optimum value. Our result shows that these

4. A Re nement of the Main Result In this section we show how Theorem [T can be refined
using the following set of estimates for a chi-square random variable:

Fact 4.1 (Laurent and Massart [8]) Let 1;:::;  be i.i.d. standard Gaussian random variables. Let
a;;:i;ay 0, and set:
— 1
jajo = max jaij; jajz= &
l<i=n

i=1
Define Vo, = 1=, ai( 2 1). Then, for any t> 0, we have:
1

Pr V, pijaj2t+ jajoot? G (26)
1 p_ .
Pr V, 2jaj,t e =2 27

Fact BT allows us to use the condition number of the given matrix H to compute the deviation prob-
abilities in Propositions 2 and Z2. To carry out this program, let us first recall some notations. Let
H be a symmetric psd matrix. Define r = rank(H), and let K = ;= be the condition number of H,
where 1 2 r > 0 are the eigenvalues of H. Set « = x=( 1+ + ). We then have the
following proposition:

Proposition 4.1 The following inequalities hold:

M F i Je

Gy T K(K—1) .

(i) | J% r—11+K +(r—(1+K;2’
1

(i) 1+ e | 2

(V) j 3 Ki o

Proof.
(i) The first inequality follows from the fact that -1 1 =1 To establish the second | ality,
suppose to the contrary that j je > K=r;. Then, we have , > 1=r, whence ;_; ; >

(r  1)=r +K=r> 1, which is a contradiction.

(ii) Let , =x. Then, we have ; = Kx. To bound j j3, we first observe that for x <u v < Kx
and _minfu x;Kx vg> 0, we have (u_ )%+ (v+ )?>u?+v2 This implies that the
vector “that maximizes j j3 satisfies (r 1) “+K %=1, or equivalently, ~%= L. This
in turn yields:
r1 . K?2 _ 1 . KK 1)

r 1+K) (r 1+K)X2 r 1+K (r 1+K)2

i i3

as desired.
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(iii) We have: B
C 21 1
Tt SRR
] Je j=2 1
as desired.
(iv) We compute:
- — - —1 1
iy L7+ 2) 1+ Ko et K
Fe T YRE K?

where we use the fact that j_joo = 1 K=r in the second inequality.

Using Fact BT and Proposition B, we obtain the following refinements to Theorem [L:

Theorem 4.1 Let m 2, and let r; be the rank of A;, where i = 1;:::;m. Set K maXi<i<m Ki.

Under the setting of Theorem [LZIf and the additional assumption that mm. ri 32K Z2Inm, the event:
—1 —1 1 —1

1
Ai Xo 1 2d Tr(A;) foralli =1;:::;

occurs with constant probability.

Proof. LE ? ? _ir > 0 be the normallzed eigenvalues of A;, where i = 1;:::;m. Using
the fact that |\, |, | =dand setting t; = ;‘Li —I we have:
1 1

[T i e e e
Pr(Ai Xo Tr(A))=pPr 1 L ] 101

Kj
k=1 j=1

- -
| L1 p__
=pr 1 T d2 1 2] ljot; 1

k=1 j=1

:%1 )2 d?

exp Z Tz (by D)
R
exp Z K—Z' (by Proposition i), (iv))

Sr?t =1 £ 2(0;1). Then,sincer; 32K2Inm, we have Pr(A; Xo  Tr(Aj) . It follows
that:

Pr(A; X Tr(A;) foralli=1;:::;m) 1 1!
m 2
as required. 2
Theorem 4.2 Let m 2, and let r; be the rank of A;, where i = 1;:::;m. Set K maXi<i<m Ki.
Under the setting of Theorem [[ZIf and the additional assumption that mlnI ri 3Inm, the event:
1 —1 1 1

A Xo 1+5(2K +1)2 Tr(A;) foralli =1;:::;

occurs with constant probability.

Proof. Using the notations and arguments in the proof of Theorem Bl we see that:
—1

,EEIA_EE -
Pr(A;i Xo Tr(A))=pPr L 101

k=1 j=1
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fori =1;:::;m. Now, let
F— .2 PR d . _I .
! + ! ©o .
=1 12 2Jpj__(__ DA T2 g = rinm (28)
2] 'Jeo
It then follows from (&) and the definition of t; in (Z8) that:
1 1
Pr(Ai Xo  Tr(A)) exp t°= (29)
Upon letting =1+ £ (2K + 1)2, we have:
_ — 1
t= g ) 2 j oo )
i = p—é JT 1 +2j 2 ( nNd 1 (by equation [8))
o 2

pl—é LI o P K_l)d 13 (by Proposition ECIii), (iv))

K2 i
 I—
1§ riKzl K
2BInm 1) (sinceri 3Inmfori=1;:::;m)

e

Pr(Ai Xo Tr(A))) - fori =1;:::;m
whence: o 1
Pr(A; Xo Tr(A;) foralli=1;:::;m) 1 1
as required. 2

5. Conclusion In this paper we have considered the problem of finding a low-rank approximate
solution to a system of linear equations in symmetric, positive semidefinite matrices. Our result provides a
unified treatment of and generalizes several well-known results in the literature. As a further illustration,

suppose that we are given symmetric psd matrices Ax of rank ry, where k = 1;:::;K. Consider a
knapsack semidefinite matrix equality:
| I
Ax Xk=b; X¢ O fork =1;:::;K
k=1

Our goal is to find a rank—one matrix X,? 0 for each X such that:

b Ax X2 b
k=1
Thelﬂ“lr result implies that the distortion rates would be on the order of In(K ( @Ias opposed to
K (  rk) obtained from the standard analysis where the terms are treated as K (| ri) independent
equalities.

We also remark that our result can be applied to the following standard form SDP:

min C X subjectto A; X =h fori=1;:::;m; X O (30)
Indeed, first recall that the dual of [@0) is given by:
— 1 — 1
max by, subject to ViAi +S=C; S 0 (31)
i=1 i=1

When X is optimal for @), then under certain regularity conditions there will be a feasible solution
(S;y) to the dual @) such that S X = 0. Thus, in rounding the SDP solution X into a lower rank
one, we can include the equality constraint S X = 0. In particular, our rounding method will yield a
low-rank X such that S X =0, i.e. X is optimal for a “nearby” problem of the original SDP.
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