Theory of Semidefinite Programming for Sensor Network Localization

Anthony Man-Cho So*, Yinyu Yef

Abstract

We analyze the semidefinite programming (SDP) based
model and method for the position estimation problem
in sensor network localization and other Euclidean dis-
tance geometry applications. We use SDP duality and
interior—point algorithm theories to prove that the SDP
localizes any network or graph that has unique sensor
positions to fit given distance measures. Therefore, we
show, for the first time, that these networks can be lo-
calized in polynomial time. We also give a simple and
efficient criterion for checking whether a given instance
of the localization problem has a unique realization in
R? using graph rigidity theory. Finally, we introduce
a notion called strong localizability and show that the
SDP model will identify all strongly localizable sub—
networks in the input network.

1 Introduction

One of the most studied problems in distance geom-
etry is the Graph Realization problem, in which one is
given a graph G = (V,E) and a set of non-negative
weights {d;; : ({,7) € E} on its edges, and the goal is to
compute a realization of G in the Euclidean space R¢
for a given dimension d, i.e. to place the vertices of G
in R¢ such that the Euclidean distance between every
pair of adjacent vertices v;,v; equals to the prescribed
weight d;;. This problem and its variants arise from ap-
plications in various areas, such as molecular conforma-
tion, dimensionality reduction, Fuclidean ball packing,
and more recently, wireless sensor network localization
[3, 13, 15, 20, 26, 28]. In the sensor networks setting,
the vertices of G correspond to sensors, the edges of
G correspond to communication links, and the weights
correspond to distances. Furthermore, the vertices are
partitioned into two sets — one is the anchors, whose ex-
act positions are known (via GPS, for example); and the
other is the sensors, whose positions are unknown. The
goal is to determine the positions of all the sensors. We
shall refer to this problem as the Sensor Network Lo-
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calization problem. Note that we can view the Sensor
Network Localization problem as a variant of the Graph
Realization problem in which a subset of the vertices are
constrained to be in certain positions.

In many sensor networks applications, sensors col-
lect data that are location—dependent. Thus, another
related question is whether the given instance has a
unique realization in the required dimension (say, in
R?). Indeed, most of the previous works on the Sensor
Network Localization problem fall into two categories
— one deals with computing a realization of a given in-
stance [13, 15, 16, 20, 25, 26, 27, 28], and the other deals
with determining whether a given instance has a unique
realization in RY using graph rigidity [16, 18]. It is in-
teresting to note that from an algorithmic viewpoint,
the two problems above have very different character-
istics. Under certain non—degeneracy assumptions, the
question of whether a given instance has a unique real-
ization on the plane can be decided efficiently [21], while
the problem of computing a realization on the plane
is NP—complete in general, even if the given instance
has a unique realization on the plane [7]. Thus, it is
not surprising that all the aforementioned heuristics for
computing a realization of a given instance do not guar-
antee to find it in the required dimension. On another
front, there has been attempts to characterize families
of graphs that admit polynomial time algorithms for
computing a realization in the required dimension. For
instance, Eren et. al. [16] have shown that the family
of trilateration graphs has such property. (A graph is a
trilateration graph in dimension d if there exists an or-
dering of the vertices 1,...,d+1,d+2,...,n such that
(i) the first d + 1 vertices form a complete graph, and
(ii) each vertex j > d+1 has at least d+ 1 edges to ver-
tices earlier in the sequence.) However, the question of
whether there exist larger families of graphs with such
property is open.

1.1 Owur Contribution In this paper, we resolve
this question by showing that the family of uniquely lo-
calizable graphs also enjoys such a property. Informally,
a graph is uniquely localizable in dimension d if (i) it has
a unique realization in R%, and (ii) it does not have any
realization whose affine span is R", where h > d. Specif-
ically, we present an SDP model that guarantees to find



the unique realization in polynomial time when the in-
put graph is uniquely localizable. The proof employs
SDP duality theory and properties of interior—point al-
gorithms for SDP. To the best of our knowledge, this
is the first time such a theoretical guarantee is proven
for a general localization algorithm. Moreover, in view
of the hardness result of Aspnes et. al. [7], our result
is close to be the best possible in terms of identifying
the largest family of efficiently realizable graphs. Next,
using the theory of graph rigidity, we give a simple and
efficient criterion for checking whether a given instance
has a unique realization on the plane. We remark that
this result has been independently proven by Eren et. al.
[16]. However, our approach is different in that we use
techniques from kinematics and these techniques may
be of independent interest. Lastly, we introduce the
concept of strong localizability. Informally, a graph is
strongly localizable if it is uniquely localizable and re-
mains so under slight perturbations. We show that the
SDP model will identify all the strongly localizable sub-
graphs in the input graph.

We should mention here that various researchers
have used SDP to study the Sensor Network Local-
ization problem (or its variants) before. For instance,
Barvinok [10, 11] has studied this problem in the con-
text of quadratic maps and used SDP theory to ana-
lyze the possible dimensions of the realization. Alfakih
and Wolkowicz [4, 5] have related this problem to the
Euclidean Distance Matriz Completion problem and ob-
tained an SDP formulation for the former. Moreover,
Alfakih has obtained a characterization of rigid graphs
in [1] using Euclidean distance matrices and has stud-
ied some of the computational aspects of such char-
acterization in [2] using SDP. However, these papers
mostly addressed the question of realizability of the in-
put graph, and the analyses of their SDP models only
guarantee that they will find a realization whose dimen-
sion lies within a certain range. Thus, these models are
not quite suitable for our application. In contrast, our
analysis takes advantage of the presence of anchors and
gives a condition which guarantees that our SDP model
will find a realization in the required dimension. We
remark that SDP has also been used to compute and
analyze distance geometry problems where the realiza-
tion is allowed to have a certain amount of distortion in
the distances [12, 23]. Again, these methods can only
guarantee to find a realization that lies in a range of
dimensions. Thus, it would be interesting to extend
our method to compute low—distortion realizations in a
given dimension. For some related work in this direc-
tion, see, e.g., [8].

1.2 Outline of the Paper The rest of the paper is
organized as follows. In Section 2, we give a formal
definition of the Sensor Network Localization problem
and introduce the notations that will be used in the
paper. In Section 3, we provide a formulation of the
problem as an SDP. We remark that the SDP model
used here is developed earlier in a companion paper [13].
In that paper the authors have reported the model’s
superb experimental performance, and the current work
is an attempt to provide theoretical justifications for
using that model. Specifically, we analyze the SDP and
discuss its characteristics in Section 4. In Section 5 we
discuss our results in the context of rigidity theory. In
Section 6 we introduce the notion of strong localizability
and show how the SDP model can identify strongly
localizable subgraphs in the input graph. In Section
7 we compare the different notions introduced in this
paper and demonstrate their differences via examples.
In particular, we show that rigidity in R2, unique
localizability, and strong localizability are all distinct
concepts. Lastly, we summarize our rcsults in Section 8
and discuss some possible future directions.

2 Preliminaries

We begin with some notations. The trace of a
matrix A is denoted by Trace(A). We use I and O to
denote the identity matrix and the matrix of all zeros,
respectively, whose dimensions will be clear from the
context. The inner product of two matrices P and @
is denoted by P e @ = Trace(PTQ). The 2-norm of a
vector z, denoted by ||z, is given by 1/z ® . A positive
semidefinite matrix X is denoted by X > 0.

In this paper we study the Sensor Network Local-
ization problem, which is defined as follows. We are
given m anchor points a1, ..., am € R?* whose locations
are known, and n sensor points 1, ..., &, € R? whose
locations we wish to determine. Furthermore, we are
given the Euclidean distance values ka between a;, and
z; for some k,j, and d;; between z; and x; for some
i < j. Specifically, let N, = {(k,7) : d; is specified}
and N, = {(¢,7) : ¢ < j, di; is specified}. The Sensor
Network Localization problem is then to find a realiza-
tion of z1,...,z, € R such that:

lax — ;11> = di; ¥ (k,§) € Na

21 V (i,5) € N,

l2: — 241* = di;

We would like to develop fast algorithms to answer
questions like: Does the network have a realization of
x;’s?7 Is the realization unique? As we shall see in
subsequent sections, these questions can be answered
efficiently.



3 Semidefinite Programming Method

In general, problem (2.1) is a non—convex optimiza-
tion problem and difficult to solve. In fact, most pre-
vious approaches adopt global optimization techniques
such as nonlinear least square methods, or geometric
methods such as triangularization. An alternate ap-
proach, called the semidefinite programming method,
is recently developed in [13] and related earlier work
[3, 22]. We shall review this approach below.

Let X = [z1 3 ... ®,] be the d X n matrix that
needs to be determined. Then, for all (i,j) € N,, we
have:

o — 2] = e; XT Xey;

and for all (k,j) € N,, we have:
lla — ][> = (as e5)" [La; X]7 [La; X](ar; €5)

Here, e;; € R™ is the vector with 1 at the i~th position,
—1 at the j—th position and zero everywhere else; e; €
R™ is the vector of all zeros except an —1 at the j-
th position; (ax;e;) € RA*™ is the vector of a; on
top of ¢;; and I is the d—dimensional identity matrix.
Thus, problem (2.1) becomes: find a symmetric matrix
Y € R™*™ and a matrix X € R4*™ such that:

el Ve = d; Y (4,5) € N,

I X
(ax;e5)” ( 5

XT Y )(ak;cj):JIch v(kaj)ENﬂ
Y=XTX
The SDP method is to relax the constraint Y = XT X to
Y = XTX, whereY > XTX means that Y —X7X > 0.
It is well-known [14] that the condition ¥ > XTX is

equivalent to:

Thus, we can write the relaxed problem as a standard
SDP problem, namely, find a symmetric matrix 7 €
R(d—i—n)x(d—i—n) to:

(3.3)

maximize 0

(3.2) zz( Ia X

Xt v

subject to  Zi.41.4 = Iy
(0;¢55)(05ei5)T @ Z =df; ¥ (i,5) €N,
(ar;ej)(ar;e;)T o Z =di; ¥V (k,5) € N,
Z =0
where Zi.41.4 is the d x d principal submatrix of Z.

Note that this formulation forces any possible feasible
solution matrix to have rank at least d.

The dual of the SDP relaxation is given by:
(3.4)

minimize IzeV + Z yijd?j—i— Z wkja_lzj

(4,5)EN: (k,j)ENa
) V o
subject to ( 0 0 ) + Z yij(0§€ij)(0§€ij)T
(4,J)EN
+ Y wijarse)(arse)” = 0

(k.j)EN,

Note that the dual is always feasible, as V =0, y;; =0
for all (¢,j) € N, and wg; = 0 for all (k,j) € N, is a
feasible solution.

4 Analysis of the SDP Relaxation

We now investigate when will the SDP (3.3) have
an exact relaxation, i.e. when will the solution matrix
Z have rank d. Suppose that problem (3.3) is feasible.
This occurs when, for instance, ka and d;; represent ex-
act distance values for the positions X = [Z1 T3 ... Ty
Then, the matrix Z = (I5; X)T(I4; X) is a feasible so-
lution for (3.3). Now, since the primal is feasible, the
minimal value of the dual must be 0, i.e. there is no
duality gap between the primal and dual.

Let U be the (d+n)—dimensional dual slack matrix,

le.
v - (

+ > wkjlarse;)(anies)”

(k.j)EN,

V o

0 0)+ D 4ii(05e)(05e55)"

(1,j)ENS

Then, from the duality theorem for SDP (see, e.g., [6]),
we have:

THEOREM 4.1. Let Z be a feasible solution for (3.3)
and U be an optimal slack matriz of (8.4). Then,

1. complementarity condition holds: ZeU =0 or
ZU = 0;

2. Rank(Z) + Rank(U) < d +n;
3. Rank(Z) > d and Rank(U) < n.
An immediate result from the theorem is the following:

COROLLARY 4.1. If an optimal dual slack matriz has
rank n, then every solution of (3.3) has rank d. That
is, problems (2.1) and (3.3) are equivalent and (2.1) can
be solved as an SDP in polynomial time.

Another technical result is the following:



PROPOSITION 4.1. If every sensor point is connected,
directly or indirectly, to an anchor point in (2.1), then
any solution to (3.3) must be bounded, that is, Y;; is
bounded for all j=1,...,n.

Proof. If sensor point x; is connected to an anchor point
ay, then we have:

1211 = 2ak ;5 + llawl|* < Yj; — 2a52; + [law||* = df,;

so that from the triangle inequality ||z;|| in (3.2) is
bounded. Hence, we have:

Yj; < di; + 2l aellll] — llax])?

Furthermore, if x; is connected to z; and Y}; is bounded,
we have:

Yii — 2¢/YaiYy; + Yy < Yi — 2Yi; + Yy = dI

so that from the triangle inequality Y;; must be also
bounded.

In general, a primal (dual) max-rank solution is a
solution that has the highest rank among all solutions
for primal (3.3) (dual (3.4)). It is known [17] that var-
ious path—following interior—point algorithms compute
the max-rank solutions for both the primal and dual in
polynomial time. This motivates the following defini-
tion.

DEFINITION 4.1. Problem (2.1) is uniquely localizable
if there is a unique localization X € RI¥*™ and there is
no x; € RM, j=1,...,n, where h > d, such that:

l|(ax; 0) —256j||22= di;
lzi — z;]]* = di;
x; # (2;0)

Y (k,j) € N,
V (i,7) € N,
for some j € {1,...,n}

The latter says that the problem cannot have a non-
trivial localization in some higher dimensional space R"
(i.e. a localization different from the one obtained by
setting ©; = (Z;;0) for j = 1,...,n), where anchor
points are augmented to (ay;0) € R™, fork=1,...,m.

We now develop the following theorem:

THEOREM 4.2. Suppose that the network is connected.
Then, the following statements are equivalent:

1. Problem (2.1) is uniquely localizable.
2. The maz-rank solution matriz of (3.3) has rank d.

3. The solution matriz of (3.3), represented by (3.2),
satisfies Y = XTX.

Proof. The equivalence between 2. and 3. is straight-
forward.

Now, since any rank d solution of (3.3) is a solution
to (2.1), from 2. to 1. we need to prove that if the
max-rank solution matrix of (3.3) has rank d then it is
unique. Suppose not, i.e., (3.3) has two rank—d feasible

solutions:
_{ 14 | Iy X2

Then, the matrix Z = a4y + 375, where o« + 3 =1 and
a, 3 > 0 is a feasible solution and its rank must be d,
since all feasible solution of (3.3) has rank at least d but
the max-rank is assumed to be d. Therefore, we have:

aX; +8X;
OéXiTXl + ﬂX’ZTXQ

X1
XFXx,

zZ = Iq
a aXt +Bx7T

Iq B
BT BTB

where B = a X1+ 3X3. It follows that (X; —X2)T (X1 —
X)) =0, 0r || X1 — Xof| =0, ice. Zy = Zp, which is a
contradiction.

Next, we prove the direction from 1. to 2., that is,
the rank of a max-rank solution of (3.3) is d. Suppose
that there is a feasible solution Z of (3.3) whose rank
is greater than d. Then, we must have ¥ = XTX
and Y # X7X. Thus, we have the decomposition
Y-XTX = (X)X, where X' = [z}, ..., 2] € R"*"
and 7 is the rank of Y — X7 X . Now, consider the point:

T
= j
:c-—(
j /A
Zj

Then, we have:

)ERd+T forj=1,...,n

121> = Y5, (2)7%; =Yy Vi,j

Moreover, since the network is connected, we conclude
from Proposition 4.1 that Y;; and Y;; are bounded for
all 4, j. Hence, we have:

I(ak; 0) — &1* = di;

1Z; — &;1|° = dZ;

v (k,j) € N,
Y (i,7) € Ny

In other words, #; is a localization of problem (2.1) in
R7 which is a contradiction.

Theorem 4.2 establishes, for the first time, that as
long as problem (2.1) is uniquely localizable, then the
realization can be computed in polynomial time by solv-
ing the SDP relaxation. Conversely, if the relaxation so-
lution computed by an interior—point algorithm (which
generates max-rank feasible solutions) has rank d (and



hence Y = XTX), then X is the unique realization of
problem (2.1). Moreover, as the recent result of Aspnes
et. al. [7] shows, the results of Theorem 4.2 are close to
be the best possible, since the problem of computing a
rcalization of the sensors on the plane is NP-complete
in general, even when the instance has a unique solution
on the plane.

5 Connections to Rigidity Theory

In this section we give a simple and eflicient criterion
for checking whether a graph G with anchors has a
unique realization on the plane using rigidity theory.
The main idea is to augment G to another graph G’
by adding edges between the anchors in G and check
whether G’ is rigid. We remark that the main theorem
of this section, Theorem 5.1, has been independently
proven by Eren et. al. in [16]. However, our proof
(in particular, Propositions 5.1, 5.2 and 5.3) gives a
connection between the graphs G and G’ which [16] did
not offer.

Before we state our result, we shall briefly review
the theory of rigidity. For a more detailed account, see,
e.g. [18, 19].

The theory of rigidity concerns with the study of
frameworks. A framework is a pair (G, p), where G is
a graph and p : V — R? is an embedding mapping
the vertices into an Euclidean space. Equivalently, we
can view p as an |V|d-dimensional vector assigning
coordinates to the vertices. Given a framework (G, p),
we can define the edge function f : RIVI¢ — RIEl by
f(P)i; = |pi—p;|%, where (i, 5) € E. A natural question
is then whether there exists another non—congruent
realization of the framework (G, p), i.e. whether there
exists an ¢ € RIVI® not congruent to p such that
lai = g;lI> = lpi — psl* for all (i,5) € E. By
non—congruence we mean that ¢ is not obtained by
applying a rigid motion to p. In this section, we
shall consider generic embeddings, which means that
the vertex coordinates assigned by the embeddings are
algebraically independent over the rationals. There are
couple ways in which a framework in R? can have non-
congruent realizations. We first consider the following.

DEFINITION 5.1. A finite flezing of a framework (G, p)
is a family of realizations of G, parametrized by t,
such that the location of each vertex is a differentiable
function of t, and ||p;(t)—p;(t)||? = ¢ij for all (i,j) € E.

Now, upon differentiating with respect to ¢, we have the
relation:

(55) (p,‘ *pj)T(Ui — U]‘) =0 V (Z,]) e F

where v; is the instantaneous velocity of vertex i. An
assignment of vclocities such that the above relation is

satisfied is called an infinitesimal motion of the frame-
work. We say that the infinitesimal motion is frivial
if it is simply a translation or rotation. Thus, it fol-
lows that if a framework has a non—trivial infinitesimal
motion, then the framework has a non—congruent re-
alization. In this case, we say that the framework is
infinitesimally flexible. Otherwise, the framework is in-
finitesimally rigid.

Note that the above definition does not restrict the
assignment of velocities besides the requirement that
it satisfies (5.5). Thus, the theory cannot be applied
directly to our setting, since we require certain vertices
be anchored. However, if there is a non—zero assignment
that satisfies »; = 0 for all anchored vertex i, then
the framework is clearly not uniquely localizable. In
addition, such an assignment will necessarily preclude
translations and rotations when there are more than
one anchors, as such motions do not fix two or more
vertices.

The observation in the preceding paragraph gives
us a clue on relating unique localizability and rigidity.
We say that G has a fizing infinitesimal motion if it has
an infinitesimal motion that fixes the anchors. Given
a graph G, consider the graph G’ obtained from G by
including the edges connecting the anchors. In other
words, if a;,a; are anchors, then (a;,a;) € E(G’). We
then have the following proposition.

PROPOSITION 5.1. G has no firing infinitesimal motion
iff G’ is infinitesimally rigid.

Proof. Suppose that G has an infinitesimal motion M
that fixes the anchors. Then, M would also be an in-
finitesimal motion for G'. For necessity, suppose that G
has no infinitesimal motion that fixes the anchors, but
that G’ is not infinitesimally rigid. Then, G’ has an
infinitesimal motion M = {v{a1),...,v{(ar),v1,...,Un}
that must assign some non—zero velocity to an anchor.
However, the subgraph induced by the anchors is com-
plete, and hence rigid. Thus, M restricted to this sub-
graph is an infinitesimal isometry [18]. Without loss of
generality, we consider the two cases where this isom-
etry is a translation or a rotation. For the translation
case, v(a;) = v for 1 <4 < k. Then, the assignment
M =1{0,...,0,v3 —v,...,v, — v} is an infinitesimal
motion of G’ (and hence of G) that fixes the anchors,
which is a contradiction. For the rotation case, we may
assume, by a change of reference frame if necessary,
that the center of rotation is at one of the anchors,
say a1. Thus, we have v(a;) = 0. Let w be the an-
gular velocity of the rotation, and for sensor z;, define
T = w X ||&; — aq|, for 1 < ¢ < n. In other words, 7;
is the velocity of sensor x; if the whole network is to
rotate around a; at an angular velocity of w. Note that



v; satisfy the following relations:
(5.6)
(zi — a;)" (v — v(a;)) =0

(5.7 (zi—z)T(@W-7)=0 1<i<j<n
Now, consider the velocity assignment:

MI:{0,...,0,1}1—1_)1,...,Un—1_)n}

We claim that it is an infinitesimal motion of G’ that
fixes the anchors. To see this, it suffices to check that:

(l‘i — CL]')T((UZ' — ’l_Ji) — 0) = 0 Vv (Z,]) e N,
(zi —25)" (v = 0;) = (v; = T;)) 0 V(i,j) € N

The first equation follows since we have:

(2 —a;)" (vi — ;)
= (i —a;)" ((vi — v(a;)) + (v(a;) — 7;)) =0

by definition of M and relation (5.6). The second
equation again follows directly from the definition of
M and the relation (5.7). This again leads to a
contradiction. Therefore, the proof is completed.

Next, we consider another way in which a graph can
have non-congruent realizations. We say that a set of
vertices form a mirror if they lie on a line, and there
are no edges crossing this linc. Obviously, by reflecting
across this mirror, we would have two non—congruent
realizations of the graph. We say that a framework
allows a partial reflection if such a mirror exists. Then,
we have the following proposition.

PROPOSITION 5.2. G allows a partial reflection that
fizes the anchors iff G' allows a partial reflection.

Proof. Tt suffices to observe that if there is a partial
reflection, then all the anchors will lie on one side of the
mirror.

As indicated in [19], the above two conditions are still
not sufficient to guarantee a unique realization of a
graph on the plane. To state the third condition, we
begin with some definition.

DEFINITION 5.2. A framework F is said to be redun-
dant if the framework F' obtained from F by removing
an edge is infinitesimally rigid.

DEFINITION 5.3. A framework is said to be redundantly
rigid if all its edges are redundant.

We then have the following proposition:

PROPOSITION 5.3. Suppose that G has at least four
anchors. Then, G has no fizing infinitesimal motion
after the removal of any of its edges iff G’ is redundantly
rigid.

Proof. Consider an edge e € F(G). If G has a fixing
infinitesimal motion after the removal of e, then G’ is
not redundantly rigid. Conversely, suppose that G has
no fixing infinitesimal motion after the removal of any
of its edges. To show that G’ is redundantly rigid,
it suffices to note that the subgraph induced by the
anchors in G’ is rigid, even after the removal of any
one of its edges. Thus, if G’ has an infinitesimal motion
after the removal of e, we have a contradiction by a
similar argument in Proposition 5.1.

A recent result of Jackson and Jordan [21] shows that in-
finitesimal rigidity, 3—connectivity and redundant rigid-
ity are necessary and sufficient conditions for unique
realization of a graph in R%. Thus, from the results of
Propositions 5.1, 5.2 and 5.3, we obtain the following
theorem:

THEOREM 5.1. The graph G with anchors is uniquely
realizable in R? iff the associated graph G' is uniquely
realizable in R2.

COROLLARY 5.1. A necessary condition for the graph
G with anchors to be uniquely localizable is that the
associated graph G’ is uniquely realizable in R2.

We remark that the unique realizability of G’ in R?
can be checked efficiently, and we refer the interested
readers to [19].

Note that the graph G’ has Q(m?) edges, where m
is the number of anchors. An examination of the proofs
above would immediately reveal that all we need is a
graph G’ such that the subgraph induced by the anchors
is uniquely realizable. There exist graphs with only
O(m) edges that possess such property. One example
is the trilateration graph defined in [16]. In order to
improve computational efficiency, we should use one of
these graphs instead.

6 Strongly Localizable Problem

Although unique localizability is an useful notion in
determining the solvability of the Sensor Network Lo-
calization problem, it is not stable under perturbation.
As we shall see in Section 7, there exist networks which
are uniquely localizable, but may no longer be so after
small perturbation of the sensor points. This motivates
us to define another notion called strong localizability.

DEFINITION 6.1. We say problem (2.1) is strongly lo-
calizable if the dual of its SDP relaxation (3.4) has an
optimal dual slack matriz with rank n.



Note that if a network is strongly localizable, then it is
uniquely localizable from Theorems 4.1 and 4.2, since
the rank of all feasible solution of the primal is d.

We show how we can construct a rank—n optimal
dual slack matrix. First, note that if U is an optimal
dual slack matrix of rank n, then it can be written in the
form U = (—XT;L,)"W(-X";1,) for some positive
definite matrix W of rank n. Now, consider the dual
matrix U. It has the form:

U2 )
Uao

v=(

where Uy is an n X n matrix. Moreover, it can be
decomposed as Uz = A + D, where A;; = y;; if ¢ # j,
Ay = —Zj Aij; and D is a diagonal matrix where
D;; = _Z(k,i)eNa wgi- (If there is no (k,7) € N,
then D;; = 0.) Note that if we impose the constraints
yi; < 0 and wg; < 0, then both A and D are positive

semidefinite. Moreover, we have the following:

Uu
Utz

PROPOSITION 6.1. Suppose that the network is con-
nected.  Furthermore, suppose that y;; < 0 for all
(i,7) € Ny, and that wg; < 0 for some (k,i) € N,,
with N, # 0. Then, Uyq is positive definite, i.e. it has
rank n.

Proof. Since A and D are positive semidefinite, we have
2T Uz > 0 for all x € R™. We now show that there is
no z € R"\{0} such that 2T Az = 27Dz = 0. Suppose
to the contrary that we have such an xz. Then, since
D is diagonal, we have 7Dz = Y | Djz? = 0. In
particular, for D;; > 0, we have z; = 0. Now, note that:

2T Az = zn:zn:xixjflij = - Z(wz - xj)ZAij

i=1j=1 1<

Thus, 27 Az = 0 implies that z; = z; for all 4, j. Since
N, # §, there exists an ¢ such that D,; > 0, whence
z; = 0. It follows that = = 0.

Proposition 6.1 gives us a recipe for putting U into the
desired form. First, we set Uss to be a positive definite
matrix. Then, we need to set Ujs = — X Usy, where X is
the matrix containing the true locations of the sensors.
We now investigate when this is possible. Note that the
above condition is simply a system of linear equations.
Let A; be the set of sensors connected to anchor 4, and
let E be the number of sensor—sensor edges. Then, the
above system has F + ). |A4;| variables. The number
of equations is E + 3m, where m is the number of
sensors that are connected to some anchors. Hence, a
sufficient condition for solvability is that the system of
equations are linearly independent, and that >, |4;| >

3m. In particular, this shows that the trilateration
graphs defined in [16] are strongly localizable.

We now develop the next theorem.

THEOREM 6.1. If a problem (graph) contains a sub-
problem (subgraph) that is strongly localizable, then the
submatrixz solution corresponding to the subproblem in
the SDP solution has rank d. That is, the SDP re-
laxation computes a solution that localizes all possibly
localizable unknown points.

Proof. Let the subproblem have n,; unknown points
and they are indexed as 1,...,n,. Since it is strongly
localizable, an optimal dual slack matrix U, of the SDP
relaxation for the subproblem has rank n,. Then in
the dual problem of the SDP relaxation for the whole
problem, we set V' and those w. associated with the
subproblem to the optimal slack matrix U, and set all
other w. equal 0. Then, the slack matrix:

(% 8)o

must be optimal for the dual of the (whole—problem)
SDP relaxation, and it is complementary to any pri-
mal feasible solution of the (whole—problem) SDP re-
laxation:

| Zs * _ I, X
Z_( . *>>0 where ZS_(X;l' Ys>

However, we have 0 = Z e U = Z, o U, and U, Z, = 0.
The rank of Uy is ng implies that the rank of Z; is
exactly d, ie. Y, = (X,)TX,, so X, is the unique
realization of the subproblem.

Us 0
0 0

7 A Comparison of Notions

In this section, we will show that the notions of
unique localizability, strong localizability and rigidity
in R? are all distinct.

7.1 Unique Localizability % Strong Localiz-
ability We have already remarked earlier that a
strongly localizable graph is necessarily uniquely local-
izable. However, as we shall see, the converse is not
true.

Let G7 be the network shown in Figure 1. The
key feature of (G; is that the sensor x5 lies on the
line joining anchors a¢ and as. It is not hard to
check that this network is uniquely localizable. Now,
suppose to the contrary that G is strongly localizable.
Then, the dual slack matrix U admits the decomposition



A
B\:a]:I".LJI

N\

x2=(0.6,0.7)
x1=(0,0.5)

Figure 1: A uniquely localizable, but not strongly

. a2=(-1,0; ad=(1.00 N
localizable network G B SN

_ _ Figure 2: A rigid network that is not uniquely localiz-
U= (-XT",)"W(~XT,I). It is easy to verify that: able

Uiz = (§2102 + Ja1a3,§1201 + J3203)

Uso ( —(F21 + F31) —yr2 e ) Now, let 2} = (0, B, —Véf‘r’). It is straightforward to
Y12 —(F12 + Pa2) — Y12 verify that:

and the form of U requires that Uy = —XUsq. This is ) , s 5

equivalent to the following system of equations: 1 — aol|* = ||z} —az|* = 3

(7.8)  (Z1—a2)Po1 + (Z1 — a3)¥s1 = (T1 — T2)y12 ey — as||? = ||&} — as||? = 2

(79) (T2 —a1)Ti2 + (T2 — a3)Fz2 = —(T1 — T2)Y12 lz1 — @2||? = ||z} — @h]| = 2

Since Zs lies on the affine space spanned by a; and as,
equation (7.9) implies that y;2 = 0. However, equation
(7.8) would then imply that #; lies on the afline space
spanned by as and ag, which is a contradiction. Thus,
we conclude that G, is not strongly localizable.

Hence, we conclude that G5 is not uniquely localizable.

It would be nice to have a characterization on those
graphs which are rigid in the plane but have higher di-
mensional realizations. However, finding such a char-
acterization remains a challenging task, as such charac-
terization would necessarily be non—combinatorial, and
would depend heavily on the geometry of the network.
For instance, the network shown in Figure 3, while hav-
ing the same combinatorial property as the one shown
in Figure 2, is uniquely localizable (in fact, it is strongly
localizable):

7.2 Rigid in R? # Unique Localizability = By
definition, a uniquely localizable network is rigid in R2.
However, the converse is not true. To see this, let G2
be the network shown in Figure 2.

Note that G2 can be viewed as a perturbed version
of G1. Tt is easy to verfiy that G5 is rigid. Thus, by
Theorem 4.2, it can fail to be uniquely localizable only
if it has a realization in some higher dimension. Indeed,
the above network has an 3—dimensional realization.
The idea for constructing such a realization is as follows.
Let us first remove the edge (z1,22). Then, reflect the
subgraph induced by a1, xs,as across the dotted line.
Now, consider two spheres, one centered at as and the
other centered at az, both having radius v/5/2. The
intersection of thesc spheres is a circle, and we can
move x1 along this circle until the distance between 2
and x5 equals to the prespecified value. Then, we can
put the edge (z;,z3) back and obtain an 3—-dimensional
realization of the network.

More precisely, for the above realization, the re-

. : 1o (173 112
flected version of x2 has coordinates zf, = (370, 18570)-

Figure 3: A strongly localizable network



8 Conclusion

In this paper we have studied the Sensor Network Local-
ization problem, which is a variant of the Graph Real-
ization problem. We have shown for the first time that
the SDP method yields an algorithm that guarantees
to find the solution if the input graph is uniquely lo-
calizable. Moreover, we have defined various notions of
localizability and demonstrated their relationship with
classical rigidity theory. However, this work has still
left many interesting open questions unanswered. First,
for those instances that are not uniquely localizable, it
would be interesting to investigate how many anchors
are needed and how should they be placed in order to
make the instance uniquely localizable. Secondly, our
SDP model assumes that the input data are noise—free.
However, sensor measurements are often noisy, and it is
important to have a model that can handle noisy data
and has good theoretical properties. Thirdly, besides
the distance measurements, there may be extra infor-
mation available to help us determine the desired re-
alization. For instance, we may have angle estimates
between a pair of sensors that are within communica~
tion range. It would be desirable to develop a model
that incorporates and exploits these information. For
some results in this direction, see, e.g., [9].

Acknowledgements
We would like to thank Jiawei Zhang for his careful
reading of the manuscript.

References

[1] A. Y. Alfakih. Graph Rigidity via Euclidean Distance
Matrices. Linear Algebra and Its Applications 310:149—
165, 2000.

[2] A. Y. Alfakih. On Rigidity and Realizability of
Weighted Graphs. Linear Algebra and Its Applications
325:57-70, 2001.

[3] A. Y. Alfakih, A. Khandani, H. Wolkowicz. Solving
Euclidean Distance Matrix Completion Problems Via
Semidefinite Programming. Comput. Opt. and Appl.
12:13-30, 1999.

[4] A. Y. Alfakih, H. Wolkowicz. On the Embeddability
of Weighted Graphs in Euclidean Spaces. Research
Report CORR 98-12, University of Waterloo, Dept. of
Combinatorics and Optimization, 1998.

[5] A.Y. Alfakih, H. Wolkowicz. Euclidean Distance Ma-
trices and the Molecular Conformation Problem. Re-
search Report CORR 2002-17, University of Waterloo,
Dept. of Combinatorics and Optimization, 2002.

[6] Farid Alizadeh. Interior Point Methods in Semidefi-
nite Programming with Applications to Combinatorial
Optimization. STAM J. Opt. 5:13-51, 1995.

[7] James Aspnes, David Goldenberg, Yang Richard Yang.
On the Computational Complexity of Sensor Net-

work Localization.
3121:32-44, 2004.
M. Biadoiu. Approximation Algorithm for Embedding
Metrics into a Two-Dimensional Space. Proc. 14th
SODA 434-443, 2003.

M. Badoiu, E. D. Demaine, M. T. Hajiaghayi, P. Indyk.
Low-Dimensional Embedding with Extra Information.
Proc. 20th SoCG 320-329, 2004.

A. Barvinok. Problems of Distance Geometry and
Convex Properties of Quadratic Maps. Disc. Comp.
Geom. 13:189-202, 1995.

A. Barvinok. A Remark on the Rank of Positive
Semidefinite Matrices Subject to Affine Constraints.
Disc. Comp. Geom. 25(1):23-31, 2001.

A. Barvinok. A Course in Convexity. AMS, 2002.

P. Biswas, Y. Ye. Semidefinite Programming for Ad
Hoc Wireless Sensor Network Localization. Proc. 3rd
IPSN 46-54, 2004.

S. Boyd, L. E. Ghaoui, E. Feron, V. Balakrishnan. Lin-
ear Matrix Inequalities in System and Control Theory.
SIAM, 1994.

T.. Doherty, T.. E. Ghaoui, S. J. Pister. Convex Position
Estimation in Wireless Sensor Networks. Proc. 20th
INFOCOM Volume 3:1655-1663, 2001.

T. Eren, D. K. Goldenberg, W. Whiteley, Y. R. Yang,
A. S. Moore, B. D. O. Anderson, P. N. Belhumeur.
Rigidity, Computation, and Randomization in Network
Localization. Proc. 23rd INFOCOM, 2004.

D. Goldfarb, K. Scheinberg. Interior Point Trajectories
in Semidefinite Programming. STAM J. Opt. 8(4):871-
886, 1998.

J. Graver, B. Servatius, H. Servatius. Combinatorial
Rigidity. AMS, 1993.

B. Hendrickson. Conditions for Unique Graph Realiza-
tions. STAM J. Comput. 21(1):65-84, 1992.

B. Hendrickson. The Molecule Problem: Exploiting
Structure in Global Optimization. SIAM J. Opt.
5(4):835-857, 1995.

B. Jackson, T. Jordan. Connected Rigidity Matroids
and Unique Realizations of Graphs. Preprint, 2003.
M. Laurent. Matrix Completion Problems. The
Encyclopedia of Optimization 3:221-229, 2001.

N. Linial, E. London, Yu. Rabinovich. The Geometry
of Graphs and Some of Its Algorithmic Applications.
Combinatorica 15(2):215-245, 1995.

J. Moré, Z. Wu. Global Continuation for Distance
Geometry Problems. SIAM J. Opt. 7:814-836, 1997.
C. Savarese, J. Rabay, K. Langendoen. Robust Po-
sitioning Algorithms for Distributed Ad—Hoc Wireless
Sensor Networks. USENIX Annual Technical Confer-
ence, 2002.

A. Savvides, C.—C. Han, M. B. Srivastava. Dynamic
Fine—Grained Localization in Ad-Hoc Networks of
Sensors. Proc. 7th MOBICOM, 166-179, 2001.

A. Savvides, H. Park, M. B. Srivastava. The Bits
and Flops of the n—hop Multilateration Primitive for
Node Localization Problems. Proc. 1st WSNA, 112—
121, 2002.

ALGOSENSORS 2004, in LNCS



[28] Y. Shang, W. Ruml, Y. Zhang, M. P. J. Fromherz.
Localization from Mere Connectivity. Proc. 4th MO-
BIHOC, 201-212, 2003.



