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Abstract. We consider a class of nonsmooth optimization problems over the Stiefel manifold,5
in which the objective function is weakly convex in the ambient Euclidean space. Such problems6
are ubiquitous in engineering applications but still largely unexplored. We present a family of Rie-7
mannian subgradient-type methods—namely Riemannian subgradient, incremental subgradient, and8
stochastic subgradient methods—to solve these problems and show that they all have an iteration9
complexity of O(ε−4) for driving a natural stationarity measure below ε. In addition, we establish10
the local linear convergence of the Riemannian subgradient and incremental subgradient methods11
when the problem at hand further satisfies a sharpness property and the algorithms are properly12
initialized and use geometrically diminishing stepsizes. To the best of our knowledge, these are the13
first convergence guarantees for using Riemannian subgradient-type methods to optimize a class of14
nonconvex nonsmooth functions over the Stiefel manifold. The fundamental ingredient in the proof15
of the aforementioned convergence results is a new Riemannian subgradient inequality for restrictions16
of weakly convex functions on the Stiefel manifold, which could be of independent interest. We also17
show that our convergence results can be extended to handle a class of compact embedded subman-18
ifolds of the Euclidean space. Finally, we discuss the sharpness properties of various formulations19
of the robust subspace recovery and orthogonal dictionary learning problems and demonstrate the20
convergence performance of the algorithms on both problems via numerical simulations.21
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1. Introduction. In this paper, we consider the problem of optimizing a func-25

tion with finite-sum structure over the Stiefel manifold—i.e.,26

minimize
X∈Rn×r

f(X) :=
1

m

m∑
i=1

fi(X)

subject to X ∈ St(n, r)

(1.1)27

with St(n, r) := {X ∈ Rn×r : X>X = Ir} and Ir being the r × r identity matrix—28

where each component fi : Rn×r → R (i = 1, . . . ,m) is assumed to be weakly convex29
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2 X. LI, S. CHEN, Z. DENG, Q. QU, Z. ZHU, A. M.-C. SO

in the ambient Euclidean space Rn×r. Recall that a function h is said to be weakly30

convex if h(·) + τ
2‖ · ‖

2
2 is convex for some constant τ ≥ 0 [55]. In particular, the31

objective function in (1.1) can be nonconvex and nonsmooth. Our interest in (1.1)32

stems from the fact that it arises in many applications from different engineering fields33

such as representation learning and imaging science. As an illustration, let us present34

two motivating applications, in which nonsmooth formulations have clear advantages35

over smooth ones.36

1.1. Motivating applications.37

Application 1: Robust subspace recovery. Fitting a linear subspace to a38

dataset corrupted by outliers is a fundamental problem in machine learning and statis-39

tics, primarily known as robust principal component analysis (RPCA) [56] or robust40

subspace recovery (RSR) [33]. In this problem, one is given measurements Ỹ of the41

form Ỹ =
[
Y O

]
Γ ∈ Rn×m, where the columns of Y ∈ Rn×m1 form inlier points42

spanning a d-dimensional subspace S; the columns of O ∈ Rn×m2 form outlier points43

with no linear structure; Γ ∈ Rm×m is an unknown permutation, and the goal is to44

recover the subspace S. It is well-known that the presence of outliers can severely45

affect the quality of the solutions obtained by the classic PCA approach, which in-46

volves minimizing a smooth least-squares loss [56]. In order to obtain solutions that47

are more robust against outliers, the recent works [33,34,40] propose to minimize the48

nonsmooth least absolute deviation (LAD) loss. This leads to the formulation49

minimize
X∈Rn×d

f(X) :=
1

m

m∑
i=1

∥∥(In −XX>)ỹi
∥∥
2

subject to X ∈ St(n, d),

(1.2)50

where ỹi ∈ Rn (i = 1, . . . ,m) denotes the i-th column of Ỹ and the columns of a global51

minimizer of (1.2) are expected to form an orthonormal basis of the subspace S. The52

weak convexity of the components of the objective function in (1.2) can be verified by53

following the arguments in the proof of [37, Proposition 6]. Thus, the formulation (1.2)54

is an instance of problem (1.1). On another front, the works [54,69,70] consider a dual55

form of the problem, which leads to the so-called dual principal component pursuit56

(DPCP) formulation:57

minimize
X∈Rn×r

f(X) :=
1

m

m∑
i=1

∥∥ỹ>i X∥∥2
subject to X ∈ St(n, r).

(1.3)58

In contrast to the primal formulation (1.2), the dual formulation (1.3) aims to find an59

orthogonal basis of S⊥ (the orthogonal complement to S) with dimension r = n− d.60

It is clear that the components of the objective function in (1.3) are convex, thus61

showing that the formulation (1.3) is also an instance of problem (1.1).62

Application 2: Learning sparsely-used dictionaries. A problem that arises63

in many machine learning and computer vision applications is dictionary learning64

(DL), whose goal is to find a suitable compact representation of certain input data65

Y =
[
y1, . . . ,ym

]
∈ Rn×m [39, 47, 61]. Informally, this entails factorizing the data66

Y into a dictionary A and a sparse code matrix S =
[
s1, . . . , sm

]
; i.e., Y ≈ AS.67

When the dictionary A ∈ Rn×n is orthogonal and the code matrix S ∈ Rn×m is68
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WEAKLY CONVEX OPTIMIZATION OVER STIEFEL MANIFOLD 3

sufficiently sparse, the product A>Y ≈ S should be sparse. Thus, one may approach69

the problem by finding the sparsest vectors in the row space of Y [45, 50, 52]. This70

motivates the following formulation [3]:71

minimize
x∈Rn

f(x) :=
1

m

∥∥Y >x∥∥
1

=
1

m

m∑
i=1

∣∣y>i x∣∣
subject to x ∈ St(n, 1).

(1.4)72

Note that the solution to (1.4) only returns one column of A. Thus, some extra73

refinement technique, such as deflation [53] or repetitive independent trials [3], is74

needed to fully solve the DL problem. It has been shown in [3] that under a suitable75

statistical model, the formulation (1.4) requires fewer samples for exact recovery of the76

dictionary A than the smooth variant considered in [52,53]. Still, since the approach77

based on (1.4) recovers the columns of A one at a time, it can be rather sensitive to78

noise. To circumvent this difficulty, one possibility is to directly recover the orthogonal79

dictionary A by80

minimize
X∈Rn×n

f(X) :=
1

m

∥∥Y >X∥∥
1

=
1

m

m∑
i=1

∥∥y>i X∥∥1
subject to X ∈ St(n, n);

(1.5)81

cf. [59,65]. This approach can be easily extended to handle any complete (i.e., square82

and invertible) dictionaries via preconditioning [52, 65]. Clearly, both (1.4) and (1.5)83

are instances of (1.1).84

1.2. Main contributions. We study three Riemannian subgradient-type meth-85

ods for solving problem (1.1), namely Riemannian subgradient method, Riemannian86

incremental subgradient method, and Riemannian stochastic subgradient method (see87

Subsection 2.2). To analyze the convergence behavior of these methods, we first ex-88

tend the surrogate stationarity measure developed in [12, 16] for weakly convex min-89

imization in the Euclidean space to one for weakly convex minimization over the90

Stiefel manifold (see Subsection 4.1). Then, we show that the iterates generated by91

the aforementioned Riemannian subgradient-type methods will drive the surrogate92

stationarity measure to zero at a rate of O(k−
1
4 ), where k is the iteration index93

(see Subsections 4.2 and 4.3). Such a complexity guarantee matches that established94

in [12] for a host of algorithms that solve weakly convex minimization problems in the95

Euclidean space. Next, we show that if problem (1.1) further satisfies the sharpness96

property (see Definition 1), then the Riemannian subgradient and incremental sub-97

gradient methods with properly designed geometrically diminishing stepsizes and a98

good initialization will converge to the set of local minima associated with the sharp-99

ness property at a linear rate (see Section 5). To the best of our knowledge, our100

work is the first to establish the iteration complexities and convergence rates of Rie-101

mannian subgradient-type methods for optimizing a class of nonconvex nonsmooth102

functions over the Stiefel manifold. We also extend the above convergence results to103

the setting where the constraint is a compact embedded submanifold of the Euclidean104

space (see Section 6). Lastly, we show that under certain conditions on the inlier105

and outlier distributions, the LAD (1.2) and DPCP (1.3) formulations of the RSR106

problem satisfy the sharpness property (see Subsection 7.1). Consequently, we are107

able to obtain recovery guarantees for the so-called Haystack model of the input data108

that are competitive with state-of-the-art results.109

This manuscript is for review purposes only.
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The key to establishing the aforementioned convergence results is an algorithm-110

independent property that we discovered for restrictions of weakly convex functions111

on the Stiefel manifold, which we term the Riemannian subgradient inequality (see112

Section 3). This is one of the main contributions of this work and could be of inde-113

pendent interest for other Riemannian optimization problems. We believe that our114

results will have broad implications on understanding the convergence behavior of115

algorithms for solving more general manifold optimization problems with nonsmooth116

objectives.117

1.3. Connections with prior arts.118

Nonsmooth optimization in Euclidean space. The problem of minimizing119

a weakly convex function over a convex constraint set is well studied in the literature.120

The main algorithms for this task include subgradient-type methods [12, 13, 36] and121

proximal point-type methods [15]. The convergence analyses of these algorithms rely122

on a certain weakly convex inequality. We extend this line of work by considering123

a nonconvex constraint set—i.e., the Stiefel manifold—and develop an analog of the124

weakly convex inequality on the Stiefel manifold called the Riemannian subgradient125

inequality. Such an inequality allows us to resort to the analysis techniques for weakly126

convex minimization in the Euclidean space and prove new convergence results for127

our Riemannian subgradient-type methods when solving the problem of weakly convex128

minimization over the Stiefel manifold (1.1).129

Smooth optimization over Riemannian manifold. Riemannian smooth op-130

timization has been extensively studied over the years; see, e.g., [2, 7, 24, 26, 38] and131

the references therein. Recently, global sublinear convergence results for Riemannian132

gradient descent and Riemannian trust region have been presented in [7]. The analysis133

relies on the assumption that the pullback of the objective function f to the tangent134

spaces of the manifold has a Lipschitz continuous gradient, which allows one to follow135

the analyses of the corresponding methods for unconstrained smooth optimization.136

However, such an approach breaks down when f is nonsmooth, as the gradient of the137

pullback of f may not exist.138

Nonsmooth optimization over Riemannian manifold. In contrast to Rie-139

mannian smooth optimization, Riemannian nonsmooth optimization is relatively less140

explored [1]. In the following, we briefly review some state-of-the-art results in this141

area and explain their limitations and connections to our results.142

Riemannian nonsmooth optimization with geodesic convexity. Recently, the works143

[4, 18, 19, 66] study the convergence behavior of Riemannian subgradient-type meth-144

ods when the objective function is geodesically convex over a Riemannian manifold.145

Thanks to the availability of a geodesic version of the convex subgradient inequality,146

the conventional analysis for convex optimization in the Euclidean space can be carried147

over to geodesically convex optimization over a Riemannian manifold. In particular,148

an asymptotic convergence result is first established in [19], while a global convergence149

rate of O(k−
1
2 ) is established in [4,18], for the Riemannian subgradient method. The150

work [66] considers the setting where the objective function is geodesically strongly151

convex over the Riemannian manifold and shows that the rate can be improved to152

O(k−1) for Riemannian projected subgradient methods. Unfortunately, these results153

are not useful for understanding problem (1.1). This is because the constraint in (1.1)154

is a compact manifold, and every continuous function that is geodesically convex on155

a compact Riemannian manifold can only be a constant; see, e.g., [5, Proposition 2.2]156

and [64] .157

This manuscript is for review purposes only.



WEAKLY CONVEX OPTIMIZATION OVER STIEFEL MANIFOLD 5

Riemannian gradient sampling algorithms. For general Riemannian nonsmooth158

optimization, the recent works [22, 23] propose Riemannian gradient sampling algo-159

rithms, which are motivated by the gradient sampling algorithms for nonconvex non-160

smooth optimization in the Euclidean space [9]. As introduced in [22, 23], given the161

current iterate Xk, a typical Riemannian gradient sampling algorithm first samples162

some points
{
Xj
k

}J
j=1

in the neighborhood of Xk at which the objective function f is163

differentiable, where the number of sampled points J usually needs to be larger than164

the dimension of the manifold M. Then, to obtain a descent direction, it solves the165

quadratic program166

(1.6) ξk = − argmin
G∈conv(W)

‖G‖2,167

where conv(W) denotes the convex hull of W :=
{

grad f(X1
k), . . . , grad f(XJ

k )
}

and168

grad f is the Riemannian gradient of f onM. The update can then be performed via169

classical retractions onM using the descent direction ξk. This type of algorithms can170

potentially be utilized to solve a large class of Riemannian nonsmooth optimization171

problems. However, they are only known to converge asymptotically without any rate172

guarantee [22,23]. Moreover, in order to tackle problem (1.1) with large n and r using173

a Riemannian gradient sampling algorithm, one has to sample a large number of Rie-174

mannian gradients in each iteration, which makes the subproblem (1.6) very expensive175

to solve. By contrast, although we assume that the objective function in (1.1) has176

weakly convex components, we can establish the convergence of various Riemannian177

subgradient-type methods with explicit rate guarantees. In addition, each iteration178

of those methods involves only the computation of a Riemannian subgradient, which179

can potentially be much cheaper.180

Two types of proximal point methods. Another classic approach to tackling Rie-181

mannian nonsmooth optimization is to apply proximal point-type methods. The idea182

is to iteratively compute the proximal mapping of the objective function over the183

Riemannian manifold [14, 20]. These methods are shown to converge globally at a184

sublinear rate, based on the so-called sufficient decrease property. However, the main185

issue with this type of methods is that each subproblem is as difficult as the original186

problem, which renders them not practical. When specialized to the Stiefel manifold,187

such a difficulty has been alleviated by some recent advances [10,11,25]. Specifically,188

they propose to compute the proximal mapping over the tangent space instead of189

over the Stiefel manifold, which results in a linearly constrained convex subproblem190

that is much easier to solve than the original problem. They also prove that the new191

algorithms converge globally at a sublinear rate. Nonetheless, the subproblem still192

needs to be solved by an iterative algorithm. By contrast, the methods considered193

in this paper do not need to solve expensive subproblems except for the computation194

of one Riemannian subgradient. As such, our overall computational complexities are195

much lower.196

Splitting-type methods. There are also splitting-type methods for solving Rie-197

mannian nonsmooth optimization problems, such as the manifold ADMM-type algo-198

rithms in [30, 31]. In this approach, the problem at hand is typically split into two199

subproblems—one involves optimizing a smooth function over the Riemannian man-200

ifold, the other involves optimizing a nonsmooth function without any constraint.201

These subproblems are then solved in an alternating manner. Despite their simplic-202

ity, these methods often do not have any convergence guarantee.203

This manuscript is for review purposes only.
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Nonsmooth optimization over Stiefel manifold for specific problems.204

Finally, we close this subsection by mentioning several problem-specific results. The205

recent works [3] and [69, 70] propose to use the Riemannian subgradient method to206

solve the orthogonal DL problem (1.4) and RSR problem (1.3), respectively, and207

establish its local linear convergence when solving these problems. The proofs are208

based on a certain regularity condition instead of the sharpness property studied in209

this work. We will give a detailed comparison between the said regularity condition210

and the sharpness property in Section 5. For now, it is worth noting that the analyses211

in [3, 69, 70] critically depend on the specific model structure of the problem at hand212

and cannot be easily generalized. By contrast, we develop a more general frame-213

work for analyzing Riemannian subgradient-type methods when applied to a family214

of nonsmooth nonconvex optimization problems over certain compact Riemannian215

submanifolds, which can yield both global and local convergence guarantees.216

1.4. Notation. We use TX St := {ξ ∈ Rn×r : ξ>X + X>ξ = 0} to denote217

the tangent space to the Stiefel manifold St(n, r) at the point X ∈ St(n, r). Let218

〈A,B〉 = trace(A>B) denote the Euclidean inner product of two matrices A,B219

of the same dimensions and ‖A‖F =
√
〈A,A〉 denote the Frobenius norm of A.220

We endow the Stiefel manifold St(n, r) with the Riemannian metric inherited from221

the Euclidean inner product; i.e., 〈X,Y 〉 = trace(X>Y ) for any X,Y ∈ TZ St and222

Z ∈ St(n, r). For a closed set C ⊆ Rn×r, we use PC to denote the orthogonal projector223

onto C and dist(X, C) := infY ∈C ‖X − Y ‖F to denote the distance between X and224

C. We use x . y and x & y to denote x ≤ cy and x ≥ cy for some universal constant225

c, respectively.226

2. Preliminaries. In this section, we first review some basic notions in Rieman-227

nian optimization and then present the Riemannian subgradient-type algorithms for228

solving problem (1.1).229

2.1. Optimization over Stiefel manifold.230

Riemannian subgradient and first-order optimality condition. By our231

assumption, the objective function f in (1.1) is τ -weakly convex for some τ ≥ 0; i.e,232

there exists a convex function g : Rn×r → R such that f(X) = g(X) − τ
2‖X‖

2
F for233

any X ∈ Rn×r [55, Proposition 4.3]. Although f may not be convex, we may define234

its (Euclidean) subdifferential ∂f via235

(2.1) ∂f(X) = ∂g(X)− τX, ∀X ∈ Rn×r;236

see [55, Proposition 4.6]. Note that since g is convex, ∂g is simply its usual convex237

subdifferential. Hence, the subdifferential ∂f in (2.1) is well defined.238

Using the properties of weakly convex functions in [55, Proposition 4.5] and the239

result in [63, Theorem 5.1], the Riemannian subdifferential ∂Rf of f on the Stiefel240

manifold St(n, r) is given by241

(2.2) ∂Rf(X) = PTX St(∂f(X)), ∀X ∈ St(n, r).242

In particular, given an Euclidean subgradient ∇̃f(X) ∈ ∂f(X) of f at X ∈ St(n, r),243

we obtain a corresponding Riemannian subgradient ∇̃Rf(X) ∈ ∂Rf(X) through244

∇̃Rf(X) = PTX St(∇̃f(X)). Recall that for any B ∈ Rn×r, the projection of B onto245

TX St is given by PTX St(B) = B − 1
2X

(
B>X +X>B

)
[2, Example 3.6.2].246

Using (2.2), we call X ∈ St(n, r) a stationary point of problem (1.1) if it satisfies247

the following first-order optimality condition:248

(2.3) 0 ∈ ∂Rf(X).249

This manuscript is for review purposes only.
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Retractions on Stiefel manifold. To enable search along curves on the Stiefel250

manifold, we need the notion of a retraction (see [2, Definition 4.1.1] for the definition).251

There are four commonly used retractions on the Stiefel manifold. These include the252

exponential map [17] and those based on the QR decomposition, Cayley transforma-253

tion [60], and polar decomposition. It is mentioned in [11] that among the above254

four retractions, the polar decomposition-based one is the most efficient in terms of255

computational complexity. Therefore, we shall focus on polar decomposition-based256

retraction, which is given by257

(2.4) RetrX(ξ) = (X + ξ)(Ir + ξ>ξ)−
1
2 .258

However, we remark that our results also apply to the other three retractions; see259

Section 6 for a detailed discussion.260

As the following lemma shows, given any X ∈ St(n, r) and ξ ∈ TX St, the polar261

decomposition-based retraction at X essentially computes the projection of X + ξ262

onto St(n, r). Moreover, this projection has a Lipschitz-like behavior, even though263

St(n, r) is nonconvex.264

Lemma 1. Let X ∈ St(n, r) and ξ ∈ TX St be given. Consider the point X+ =265

X + ξ. Then, the polar decomposition-based retraction (2.4) satisfies RetrX(ξ) =266

X+
(
X+>X+

)− 1
2 = PSt(X

+) and267 ∥∥RetrX(ξ)−X
∥∥
F
≤
∥∥X+ −X

∥∥
F

=
∥∥X + ξ −X

∥∥
F
, ∀ X ∈ St(n, r).268

Proof. It is well known that the convex hull of the Stiefel manifold St(n, r) is269

given by H ≡ H(n, r) := {Y ∈ Rn×r : ‖Y ‖2 ≤ 1}, where ‖Y ‖2 denotes the spectral270

norm (i.e. the largest singular value) of Y ; see, e.g., [27]. Let us first show that271

RetrX(ξ) = PSt (X+) = PH (X+). Let X+ = UΣV > be an SVD of X+. Since272

ξ ∈ TX St, we have X+>X+ = Ir+ξ>ξ, which implies that all the singular values of273

X+ are at least 1. This, together with the Hoffman-Wielandt Theorem for singular274

values (see, e.g., [51]), implies that PSt (X+) = PH (X+) = UV >, as desired.275

Now, observe that RetrX(ξ) = X+
(
X+>X+

)− 1
2 = UV > and X ∈ H(n, r).276

Hence, we have
∥∥RetrX(ξ)−X

∥∥
F

=
∥∥PH (X+)− PH

(
X
)∥∥
F

. Upon noting that277

projections onto closed convex sets are 1-Lipschitz, the proof is complete.278

2.2. A family of Riemannian subgradient-type methods.279

Riemannian subgradient method. We begin by revisiting the Riemannian280

gradient method for smooth optimization over the Stiefel manifold. Let h : Rn×r → R281

be a smooth function and consider282

minimize
X∈Rn×r

h(X)

subject to X ∈ St(n, r).
283

A generic Riemannian gradient method for solving the above problem is given by284

Xk+1 = RetrXk
(ξk) with ξk = −γk gradh(Xk),285

where gradh(Xk) is the Riemannian gradient of h at Xk, γk > 0 is the stepsize,286

and Retr is any retraction on the Stiefel manifold; see, e.g., [2, Section 4.2]. Since287

problem (1.1) involves a possibly nonsmooth objective function, one approach to288
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tackling it is to apply a natural generalization of the Riemannian gradient method,289

namely the Riemannian subgradient method:290

(2.5) Xk+1 = RetrXk
(ξk) with ξk = −γk∇̃Rf(Xk).291

Here, recall that ∇̃Rf(Xk) ∈ ∂Rf(Xk) is a Riemannian subgradient of f at Xk ∈292

St(n, r), which can be obtained by taking ∇̃f(X) ∈ ∂f(X) and setting ∇̃Rf(X) =293

PTX St(∇̃f(X)); see Subsection 2.1.294

Riemannian incremental and stochastic subgradient methods. Recall295

that the objective function in (1.1) has the finite-sum structure f = 1
m

∑m
i=1 fi. In296

many modern machine learning tasks, the number of components m can be very297

large. Thus, it is not desirable to evaluate the full Riemannian subgradient of f . This298

motivates us to introduce two variants of the Riemannian subgradient method (2.5),299

namely the Riemannian incremental subgradient method and Riemannian stochastic300

subgradient method, to better exploit the finite-sum structure in (1.1). Let us now301

give a high-level description of these two methods.302

Starting with the current iterate Xk, both methods generate a sequence of m303

inner iterates Xk,1, . . . ,Xk,i, . . . ,Xk,m via304

(2.6) Xk,i = RetrXk,i−1
(ξk,i−1) with ξk,i−1 = −γk∇̃Rf`i(Xk,i−1)305

with Xk,0 = Xk, where f`i is selected from {f1, . . . , fm} according to a certain rule.306

The next iterate Xk+1 is then obtained by setting Xk+1 = Xk,m. The difference307

between the incremental and stochastic methods lies in the rule for selecting the308

component function f`i . In particular,309

• Riemannian incremental subgradient method picks the component function310

f`i sequentially from f1 to fm—i.e., ξk,i−1 = −γk∇̃Rfi(Xk,i−1);311

• Riemannian stochastic subgradient method picks the component function f`i312

independently and uniformly from {f1, . . . , fm} in each inner iteration (2.6)—313

i.e., ξk,i−1 = −γk∇̃Rf`i(Xk,i−1) with `i ∼i.i.d. Uniform
(
{1, . . . ,m}

)
.314

3. Riemannian Subgradient Inequality over Stiefel Manifold. Naturally,315

we are interested in the convergence behavior of the Riemannian subgradient-type316

methods introduced in Subsection 2.2 when applied to problem (1.1). Towards that317

end, let us derive a useful inequality, which we call the Riemannian subgradient in-318

equality, for restrictions of weakly convex functions on the Stiefel manifold. The main319

motivation for deriving such an inequality is that an analogous one for weakly con-320

vex functions in the Euclidean space, known as the weakly convex inequality, plays a321

fundamental role in the convergence analysis of subgradient-type methods for solv-322

ing weakly convex minimization problems [12, 13, 36, 37]. To begin, recall that for a323

τ -weakly convex function h : Rn×r → R, the weakly convex inequality states that324

h(Y ) ≥ h(X) +
〈
∇̃h(X),Y −X

〉
− τ

2
‖Y −X‖2F ,

∀ ∇̃h(X) ∈ ∂h(X); X,Y ∈ Rn×r
(3.1)325

[55, Proposition 4.8]. The following is our extension of the above inequality to one326

for weakly convex functions that are restricted on the Stiefel manifold.327

Theorem 1 (Riemannian Subgradient Inequality). Suppose that h : Rn×r → R328

is τ -weakly convex for some τ ≥ 0. Then, for any bounded open convex set U that329
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contains St(n, r), there exists a constant L > 0 such that h is L-Lipschitz continuous330

on U and satisfies331

h(Y ) ≥ h(X) +
〈
∇̃Rh(X),Y −X

〉
− τ + L

2
‖Y −X‖2F ,

∀ ∇̃Rh(X) ∈ ∂Rh(X);X,Y ∈ St(n, r).

(3.2)332

Before we proceed to prove Theorem 1, let us highlight the differences between333

the weakly convex inequality (3.1) and the Riemannian subgradient inequality (3.2).334

First, the former involves elements in the Euclidean subdifferential ∂h, while the latter335

involves elements in the Riemannian subdifferential ∂Rh. Second, the former holds336

for all pairs of points in the Euclidean space Rn×r, while the latter only holds for all337

pairs of points on the Stiefel manifold St(n, r). Third, the latter involves the extra338

compensation term −L2 ‖Y −X‖
2
F , which accounts for the behavior of the restriction339

of h on the Stiefel manifold St(n, r).340

Proof of Theorem 1. The Lipschitz continuity of h on U follows directly from [55,341

Proposition 4.4] and the boundedness of U . Since h is τ -weakly convex on Rn×r, for342

any X,Y ∈ St(n, r) ⊆ Rn×r, the inequality (3.1) implies that343

h(Y ) ≥ h(X) +
〈
∇̃h(X),Y −X

〉
− τ

2
‖Y −X‖2F

= h(X) +
〈
PTX St(∇̃h(X)) + P⊥TX St(∇̃h(X)),Y −X

〉
− τ

2
‖Y −X‖2F ,

(3.3)344

where345

(3.4) P⊥TX St(B) =
1

2
X
(
B>X +X>B

)
, ∀ B ∈ Rn×r346

[2, Example 3.6.2]. Now, we compute347

〈
P⊥TX St(∇̃h(X)),Y −X

〉
=
〈
P⊥TX St(∇̃h(X)),P⊥TX St(Y −X) + PTX St(Y −X)

〉
=
〈
P⊥TX St(∇̃h(X)),P⊥TX St(Y −X)

〉
=
〈
∇̃h(X),P⊥TX St(Y −X)

〉
(i)
=

1

2

〈
∇̃h(X),X

(
Y >X +X>Y − 2Ir

)〉
(ii)

≥ −1

2
‖∇̃h(X)‖F

∥∥Y >X +X>Y − 2Ir
∥∥
F

(iii)

≥ −L
2

∥∥Y >X +X>Y − 2Ir
∥∥
F
,

(3.5)

348

where (i) comes from (3.4), (ii) is due to the fact that X ∈ St(n, r), and (iii) follows349

from [46, Theorem 9.13] and the L-Lipschitz continuity of h on U . Note that350

(3.6)
∥∥Y >X +X>Y − 2Ir

∥∥
F

=
∥∥(X − Y )>(X − Y )

∥∥
F
≤ ‖X − Y ‖2F351

since X,Y ∈ St(n, r). Combining (3.5) and (3.6) and recalling (3.3), we get352

h(Y ) ≥ h(X) +
〈
PTX St(∇̃h(X)),Y −X

〉
− τ + L

2
‖Y −X‖2F .353

Since X,Y ∈ St(n, r), ∇̃h(X) ∈ ∂h(X) are arbitrary and ∂Rh(X) = PTX St(∂h(X))354

(see (2.2)), the proof is complete.355
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As we shall see in subsequent sections, the Riemannian subgradient inequality356

plays a similar role to the weakly convex inequality and allows us to connect the357

analysis of Riemannian subgradient-type methods with that of their Euclidean coun-358

terparts. In particular, equipped with Theorem 1, we can obtain the iteration com-359

plexities of the Riemannian subgradient-type methods introduced in Subsection 2.2360

for addressing problem (1.1). Moreover, if problem (1.1) further possesses certain361

sharpness property (see Definition 1), then the aforementioned methods with geo-362

metrically diminishing stepsizes and a proper initialization will achieve local linear363

convergence to the set of so-called weak sharp minima (again, see Definition 1).364

Although the Riemannian subgradient inequality in Theorem 1 focuses on the365

Stiefel manifold, it can be extended to a class of compact embedded submanifolds of366

the Euclidean space. We shall present such an extension in Section 6.367

4. Global Convergence. In this section, we study the iteration complexities of368

Riemannian subgradient-type methods for solving problem (1.1). Our analysis relies369

on the Riemannian subgradient inequality in Theorem 1.370

4.1. Surrogate stationarity measure. In classical Euclidean nonsmooth con-371

vex optimization, the iteration complexities of subgradient-type methods are typically372

presented in terms of the suboptimality gap f(Xk) − min f ; see, e.g., [44, Theorem373

3.2.2], [42, Proposition 2.3]. On the other hand, in Riemannian smooth optimiza-374

tion, which typically involves nonconvex constraints, the iteration complexities of375

various methods can be expressed in terms of the continuous stationarity measure376

‖gradf(Xk)‖F [7]. However, for the Riemannian nonsmooth optimization problem377

(1.1), neither the suboptimality gap f(Xk) − min f (due to nonconvexity) nor the378

minimum-norm Riemannian subgradient dist (0, ∂Rf(Xk)) (due to nonsmoothness)379

is an appropriate stationarity measure. Therefore, in order to establish the iteration380

complexities of Riemannian subgradient-type methods, we need to find a surrogate381

stationarity measure that can track the progress of those methods.382

Towards that end, we borrow ideas from the recent works [12,16] on weakly convex383

minimization in the Euclidean space, which propose to use the gradient of the Moreau384

envelope of the weakly convex function at hand as a surrogate stationarity measure.385

To begin, let us define, for any λ > 0, the following analogs of the Moreau envelope386

and proximal mapping for problem (1.1), which take into account the effect of the387

Stiefel manifold constraint on the problem:388

(4.1)


fλ(X) = min

Y ∈St(n,r)

{
f(Y ) +

1

2λ
‖Y −X‖2F

}
, X ∈ St(n, r),

Pλf (X) ∈ argmin
Y ∈St(n,r)

{
f(Y ) +

1

2λ
‖Y −X‖2F

}
, X ∈ St(n, r).

389

We remark that the Moreau envelope and proximal mapping defined above differ from390

those in [20] in that the proximal term Y 7→ 1
2λ‖Y −X‖

2
F is based on the Euclidean391

distance rather than the geodesic distance. This will facilitate our later analysis.392

By (2.2) and (2.3), the point Pλf (X) satisfies the first-order optimality condition393

0 ∈ ∂Rf (Pλf (X)) + 1
λPTPλf (X) St (Pλf (X)−X). It follows that394

(4.2)
dist (0, ∂Rf (Pλf (X))) ≤ λ−1 ·

∥∥∥PTPλf (X) St (Pλf (X)−X)
∥∥∥
F

≤ λ−1 · ‖Pλf (X)−X‖F =: Θ(X).
395
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In particular, we see from (2.3) thatX ∈ St(n, r) is a stationary point of problem (1.1)396

when Θ(X) = 0. This motivates us to use X 7→ Θ(X) as a surrogate stationarity397

measure of problem (1.1) and callX ∈ St(n, r) an ε-nearly stationary point of problem398

(1.1) if it satisfies Θ(X) ≤ ε.399

The careful reader may note that the proximal mapping Pλf in (4.1) needs not400

yield a unique point at a given X ∈ St(n, r). Nevertheless, for the purpose of defin-401

ing the surrogate stationarity measure, we can choose any point returned by Pλf at402

X, as each of them plays exactly the same role in our analysis and will satisfy the403

convergence rate bounds in Theorem 2.404

4.2. Riemannian subgradient and incremental subgradient methods.405

Using the surrogate stationarity measure Θ, we are now ready to establish the iteration406

complexities of the Riemannian subgradient and incremental subgradient methods.407

We will focus on analyzing the Riemannian incremental subgradient method, as the408

Riemannian subgradient method can be regarded as its special case where there is409

only one (i.e., m = 1) component function.410

To begin, let us establish a relationship between the surrogate stationarity mea-411

sure Θ and the sufficient decrease of the Moreau envelope fλ.412

Proposition 1. Suppose that each component function fi : Rn×r → R (i =413

1, . . . ,m) in problem (1.1) is τ -weakly convex on Rn×r for some τ ≥ 0. Let U be414

any bounded open convex set that contains St(n, r). Furthermore, let {Xk} be the415

sequence generated by the Riemannian incremental subgradient method (2.6) with an416

arbitrary initialization for solving problem (1.1). Then, for any λ < 1
2(L+τ) in (4.1),417

we have for any k ≥ 0418

mγkΘ2(Xk) ≤
2
(
fλ (Xk)− fλ(Xk+1)

)
+

γ2
kL

2

λ m2 +
γ3
kL

2(L+τ)
λ C(m)

2λ
(

1
2λ − (L+ τ)

) ,419

where L > 0 is an upper bound on the Lipschitz constants of f1, . . . , fm on U and420

C(m) = 1
3m(m− 1)(2m− 1).421

Proof. According to (4.1), we have422

fλ(Xk+1) = f (Pλf (Xk+1)) +
1

2λ
‖Pλf (Xk+1)−Xk+1‖2F

≤ f (Pλf (Xk)) +
1

2λ
‖Pλf (Xk)−Xk+1‖2F ,

(4.3)423

where the last inequality follows from the optimality of Pλf (Xk+1) and the fact that424

Pλf (Xk) ∈ St(n, r). We claim that for l = 1, . . . ,m,425

‖Pλf (Xk)−Xk,l‖2F ≤ ‖Xk − Pλf (Xk)‖2F − 2γk

l∑
i=1

(fi(Xk,i−1)− fi (Pλf (Xk)))

+ γk(L+ τ)

l∑
i=1

‖Xk,i−1 − Pλf (Xk)‖2F + lγ2kL
2.

(4.4)

426

The proof is by induction on l. For l = 1, recalling that Xk,0 = Xk, we compute427

‖Pλf (Xk)−Xk,1‖2F ≤ ‖Xk + ξk,0 − Pλf (Xk)‖2F
≤ ‖Xk − Pλf (Xk)‖2F − 2γk (f1(Xk)− f1 (Pλf (Xk)))

+ γk(L+ τ) ‖Xk − Pλf (Xk)‖2F + γ2kL
2,

(4.5)428

This manuscript is for review purposes only.



12 X. LI, S. CHEN, Z. DENG, Q. QU, Z. ZHU, A. M.-C. SO

where we used (2.6) and Lemma 1 in the first inequality and Theorem 1 and the429

fact that
∥∥∥∇̃Rfi(Xk,i−1)

∥∥∥
F
≤
∥∥∥∇̃fi(Xk,i−1)

∥∥∥
F
≤ L in the second inequality. The430

inductive step can be completed by following the same derivations as in (4.5). Thus,431

the claim (4.4) is established. Setting l = m in (4.4) and plugging it into (4.3), we432

obtain433

fλ(Xk+1) ≤ fλ (Xk) +
γk
λ

m∑
i=1

(fi (Pλf (Xk))− fi(Xk,i−1))

+
γk(L+ τ)

2λ

m∑
i=1

‖Xk,i−1 − Pλf (Xk)‖2F +
mγ2kL

2

2λ
,

(4.6)434

where we used the relation fλ (Xk) = f (Pλf (Xk)) + 1
2λ ‖Xk − Pλf (Xk)‖2F (since435

Xk ∈ St(n, r)).436

Next, we claim that for i = 1, . . . ,m,437

(4.7) ‖Xk,i−1 −Xk‖F ≤ (i− 1)γkL.438

The proof is again by induction on i. The claim trivially holds when i = 1. Suppose439

that (4.7) holds for i = j. For i = j + 1, we compute ‖Xk,j −Xk‖F ≤ ‖Xk,j−1 +440

ξk,j−1−Xk‖F ≤ jγkL, where we used (2.6) and Lemma 1 in the first inequality. This441

completes the inductive step and the proof of the claim.442

With (4.7), we have443

fi (Pλf (Xk))− fi(Xk,i−1) = fi (Pλf (Xk))− fi(Xk) + fi(Xk)− fi(Xk,i−1)

≤ (i− 1)γkL
2 + fi (Pλf (Xk))− fi(Xk)

(4.8)444

and445

‖Xk,i−1 − Pλf (Xk)‖2F = ‖Xk,i−1 −Xk +Xk − Pλf (Xk)‖2F
≤ 2(i− 1)2γ2kL

2 + 2 ‖Xk − Pλf (Xk)‖2F .
(4.9)446

Plugging (4.8) and (4.9) into (4.6) yields447

fλ(Xk+1) ≤ fλ (Xk) +
m2γ2kL

2 + 1
3m(m− 1)(2m− 1)γ3kL

2(L+ τ)

2λ

+
mγk
λ

(f (Pλf (Xk))− f(Xk)) +
mγk(L+ τ)

λ
‖Xk − Pλf (Xk)‖2F .

(4.10)

448

By definition of the Moreau envelope and proximal mapping in (4.1), we have449

−
[
f(Xk)− f (Pλf (Xk))− (L+ τ) ‖Xk − Pλf (Xk)‖2F

]
=−

[
f(Xk)−

(
f (Pλf (Xk)) +

1

2λ
‖Xk − Pλf (Xk)‖2F

)
+

(
1

2λ
− (L+ τ)

)
‖Xk − Pλf (Xk)‖2F

]

≤−
(

1

2λ
− (L+ τ)

)
‖Xk − Pλf (Xk)‖2F ,

(4.11)450
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where the last inequality is due to fλ(Xk) = f (Pλf (Xk)) + 1
2λ ‖Xk − Pλf (Xk)‖2F451

(since Xk ∈ St(n, r)) and fλ(Xk) ≤ f(Xk). Since λ < 1
2(L+τ) by assumption, the452

desired result then follows by substituting (4.11) into (4.10) and recognizing that453

Θ(Xk) = λ−1 ‖Pλf (Xk)−Xk‖F (see (4.2)).454

Using Proposition 1, we obtain our iteration complexity result for the Riemannian455

subgradient and incremental subgradient methods.456

Theorem 2. Under the setting of Proposition 1, the following hold:457

(a) If we choose the constant stepsize γk = 1
m
√
T+1

, k = 0, 1, . . . with T being the458

total number of iterations, then459

min
0≤k≤T

Θ2(Xk) ≤
2
(
fλ (X0)−min fλ

)
+ L2

λ + L2(L+τ)
λm3 C(m)

2λ
(

1
2λ − (L+ τ)

)√
T + 1

.460

(b) If we choose the diminishing stepsizes γk = 1
m
√
k+1

, k = 0, 1, . . ., then461

min
0≤k≤T

Θ2(Xk) ≤
2
(
fλ (X0)−min fλ

)
+
(
L2

λ + L2(L+τ)
λm3 C(m)

) (
ln(T + 1) + 1

)
2λ
(

1
2λ − (L+ τ)

)√
T + 1

.462

Proof. By summing both sides of the relation in Proposition 1 over k = 0, 1, . . . , T ,463

we deduce that464

min
0≤k≤T

Θ2(Xk) ≤
2
(
fλ (X0)−min fλ

)
+ L2

λ m
2
∑T
k=0 γ

2
k + L2(L+τ)

λ C(m)
∑T
k=0 γ

3
k

2λ
(

1
2λ − (L+ τ)

)
m
∑T
k=0 γk

.465

The result in (a) follows immediately by substituting γk = 1
m
√
T+1

into the above466

inequality, while that in (b) follows by substituting γk = 1
m
√
k+1

into the above467

inequality and noting that
∑T
k=0

1√
k+1

>
√
T + 1 and

∑T
k=0

1
k+1 < ln(T + 1) + 1.468

By taking λ = 1
4(L+τ) and using the constant stepsize γk = 1

m
√
T+1

, k = 0, 1, . . .,469

we see from Theorem 2 that470

min
0≤k≤T

Θ(Xk) ≤
2
√(

fλ (X0)−min fλ
)

+ 2L2(L+ τ)(1 + L+ τ)

(T + 1)1/4
.471

In particular, the iteration complexity of the Riemannian (incremental) subgradient472

method for computing an ε-nearly stationary point of problem (1.1) is O(ε−4). It473

is worth noting that this matches the iteration complexity of a host of methods for474

solving weakly convex minimization problems in the Euclidean space [12].475

4.3. Riemannian stochastic subgradient method. Now, let us turn to ana-476

lyze the Riemannian stochastic subgradient method. Instead of focusing on objective477

functions with a finite-sum structure as in (1.1), we consider the following more gen-478

eral stochastic optimization problem over the Stiefel manifold:479

minimize
X∈Rn×r

f(X) := Eζ∼D[g(X, ζ)]

subject to X ∈ St(n, r).
(4.12)480

Here, we assume that the function X 7→ g(X, ζ) is τ -weakly convex (τ ≥ 0) for each481

realization ζ and the function f is finite-valued on Rn×r. Furthermore, we assume the482
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existence of a bounded open convex set U containing St(n, r) such thatX 7→ g(X, ζ) is483

Lipschitz continuous on U with some constant L(ζ) > 0 and L2 = Eζ∼D[L(ζ)2] < +∞.484

This would then imply that for any X ∈ St(n, r), we have485

(4.13) Eζ∼D

[∥∥∥∇̃g(X, ζ)
∥∥∥2
F

]
≤ L2,486

where ∇̃g(X, ζ) ∈ ∂g(X, ζ). Moreover, the function f is L-Lipschitz continuous on487

U . When D is the empirical distribution on m data samples, problem (4.12) reduces488

to our original finite-sum optimization problem (1.1). If all the component functions489

are finite-valued and weakly convex, then the above two assumptions hold.490

Now, suppose that the Riemannian stochastic subgradient method is equipped491

with a Riemannian stochastic subgradient oracle, which has the following properties:492

(a) The oracle can generate i.i.d. samples according to the distribution D.493

(b) Given a point X ∈ St(n, r), the oracle generates a sample ζ ∼ D and returns494

a stochastic subgradient ∇̃g(X, ζ) ∈ ∂g(X, ζ) with Eζ∼D[∇̃g(X, ζ)] ∈ ∂f(X),495

from which one can obtain a Riemannian stochastic subgradient ∇̃Rg(X, ζ) ∈496

∂Rg(X, ζ) with Eζ∼D[∇̃Rg(X, ζ)] ∈ ∂Rf(X).497

We remark that the above properties mirror those of the stochastic subgradient oracle498

for stochastic optimization in the Euclidean space; see, e.g., Assumptions (A1) and499

(A2) in [43].500

At the current iterateXk, the Riemannian stochastic subgradient oracle generates501

a sample ζk ∼ D that is independent of {ζ0, . . . , ζk−1} and returns a Riemannian502

stochastic subgradient ∇̃Rg(Xk, ζk). Then, the Riemannian stochastic subgradient503

method generates the next iterate Xk+1 via504

(4.14) Xk+1 = RetrXk
(ξk) with ξk = −γk∇̃Rg(Xk, ζk).505

This generalizes the update (2.6) introduced in Subsection 2.2 for the case where D506

is the empirical distribution on m data samples.507

Similar to the analysis of the Riemannian subgradient and incremental subgradi-508

ent methods, we begin by establishing the following result; cf. Proposition 1:509

Proposition 2. Suppose that the aforementioned assumptions on problem (4.12)510

hold, and that a Riemannian stochastic subgradient oracle having properties (a)–(b)511

above is available. Let {Xk} be the sequence generated by the Riemannian stochas-512

tic subgradient method (4.14) with arbitrary initialization for solving problem (4.12).513

Then, for any λ < 1
L+τ in (4.1), we have514

γk E
[
Θ2(Xk)

]
≤

2
(

E [fλ(Xk)]− E [fλ(Xk+1)]
)

+
γ2
kL

2

λ

λ
(
1
λ − (L+ τ)

) , ∀ k ≥ 0.515

Proof. Using (4.1), the optimality of Pλf (Xk+1), Lemma 1, and the fact that516

Pλf (Xk) ∈ St(n, r), we obtain517

Eζk∼D [fλ(Xk+1)] ≤ f (Pλf (Xk)) +
1

2λ
Eζk∼D

[
‖Pλf (Xk)−Xk+1‖2F

]
518

≤ f (Pλf (Xk)) +
1

2λ
Eζk∼D

[∥∥∥Xk − γk∇̃Rg(Xk, ζk)− Pλf (Xk)
∥∥∥2
F

]
519

≤ fλ(Xk) +
γk
λ

Eζk∼D

[〈
∇̃Rg(Xk, ζk), Pλf (Xk)−Xk

〉]
+
γ2kL

2

2λ
,520

521
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where the first inequality is due to the optimality of Pλf (Xk+1), the second inequality522

comes from Lemma 1 and the fact that Pλf (Xk) ∈ St(n, r), and the third inequality523

is due to (4.13) and the fact that
∥∥∥∇̃Rg(X, ζ)

∥∥∥
F
≤
∥∥∥∇̃g(X, ζ)

∥∥∥
F

. Since we have524

Eζk∼D

[
∇̃Rg(Xk, ζk)

]
∈ ∂Rf(Xk), the L-Lipschitz continuity of f on U , Theorem 1,525

and (4.11) imply that526

Eζk∼D [fλ(Xk+1)] ≤ fλ(Xk)− γk
2λ

(
1

λ
− (L+ τ)

)
‖Xk − Pλf (Xk)‖2F +

γ2kL
2

2λ
.527

528

Upon taking expectation with respect to all the previous realizations ζ0, . . . , ζk−1 on529

both sides, we get530

E [fλ(Xk+1)] ≤ E [fλ(Xk)]− γk
2λ

(
1

λ
− (L+ τ)

)
E
[
‖Pλf (Xk)−Xk‖2F

]
+
γ2kL

2

2λ
.531

532

The desired result then follows by rearranging the above inequality and recognizing533

that Θ(Xk) = λ−1 ‖Pλf (Xk)−Xk‖F (see (4.2)).534

Now, we can bound the iteration complexity of the Riemannian stochastic sub-535

gradient method using Proposition 2.536

Theorem 3. Under the setting of Proposition 2, suppose that we choose the con-537

stant stepsize γk = 1√
T+1

, k = 0, 1, . . . with T being the total number of iterations538

and the algorithm returns Xk with k sampled from {1, . . . , T} uniformly at random.539

Then, we have540

E
[
Θ2
(
Xk

)]
≤ 1

λ
(
1
λ − (L+ τ)

) 2
(
fλ(X0)−min fλ

)
+ L2

λ√
T + 1

,541

where the expectation is taken over all random choices by the algorithm.542

Proof. By summing both sides of the relation in Proposition 2 over k = 0, 1, . . . , T ,543

we have544
T∑
k=0

γk E
[
Θ2(Xk)

]
≤

2
(
fλ(X0)−min fλ

)
+ L2

λ

∑T
k=0 γ

2
k

λ
(
1
λ − (L+ τ)

) .545

It follows that546

T∑
k=0

γk∑T
k=0 γk

E
[
Θ2(Xk)

]
≤ 1

λ
(
1
λ − (L+ τ)

) 2
(
fλ(X0)−min fλ

)
+ L2

λ

∑T
k=0 γ

2
k∑T

k=0 γk
.547

To complete the proof, it remains to substitute γk = 1√
T+1

into the above inequality548

and note that the resulting LHS is exactly E
[
Θ2
(
Xk

)]
with the expectation being549

taken with respect to ζ0, . . . , ζT−1, k.550

5. Local Linear Convergence for Sharp Instances. So far our discussion on551

problem (1.1) does not assume any structure on the objective function f besides weak552

convexity. However, many applications, such as those discussed in Subsection 1.1,553

give rise to weakly convex objective functions that are not arbitrary but have rather554

concrete structure. It is thus natural to ask whether the methods we considered can555

exploit this structure and provably achieve faster convergence rates than those estab-556

lished in Section 4. In this section, we introduce a regularity property of problem (1.1)557
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called sharpness and show that the Riemannian subgradient and incremental subgra-558

dient methods will achieve a local linear convergence rate when applied to instances559

of (1.1) that possess the sharpness property. Then, we will discuss in Section 7 how the560

notion of sharpness captures, in a unified manner, the structure of both the dual prin-561

cipal component pursuit (DPCP) formulation (1.3) of the robust subspace recovery562

(RSR) problem and the single-column formulation (1.4) of the orthogonal dictionary563

learning (DL) problem.564

5.1. Sharpness: Weak sharp minima. To begin, let us introduce the notion565

of a weak sharp minima set.566

Definition 1 (Sharpness; cf. [8, 28, 35]). We say that X ⊆ St(n, r) is a set of567

weak sharp minima for the function h : Rn×r → R with parameter α > 0 if there exists568

a constant ρ > 0 such that for any X ∈ B := {X ∈ Rn×r : dist(X,X ) < ρ}∩St(n, r),569

we have570

h(X)− h(Y ) ≥ α dist(X,X )571

for all Y ∈ X , where dist(X,X ) := infY ∈X ‖Y −X‖F .572

From the definition, it is immediate that if X is a set of weak sharp minima for573

h, then it is the set of minimizers of h over B, and the function value grows linearly574

with the distance to X . Moreover, if h is continuous (e.g., when h is weakly convex),575

then X can be taken as closed.576

Similar notions of sharpness play a fundamental role in establishing the linear577

convergence of a host of methods for weakly convex minimization in the Euclidean578

space. For instance, it is shown in [21] that the subgradient method with geometrically579

diminishing stepsizes will converge linearly to the optimal solution set when applied580

to minimize a sharp convex function. Later, the work [13] establishes a similar linear581

convergence result for sharp weakly convex minimization. In the recent work [36], it582

is shown that the incremental subgradient, proximal point, and prox-linear methods583

will converge linearly when applied to minimize a sharp weakly convex function. In584

this paper, we extend, for the first time, the above results to the manifold setting585

by establishing the linear convergence of Riemannian subgradient-type methods for586

minimizing a weakly convex function over the Stiefel manifold under the sharpness587

property in Definition 1.588

5.2. Riemannian subgradient and incremental subgradient methods.589

Again, we will focus on analyzing the Riemannian incremental subgradient method.590

The analysis of the Riemannian subgradient method will follow as a special case. We591

first present the following result, which is crucial for our subsequent development.592

Proposition 3. Under the setting of Proposition 1, for any X ∈ St(n, r), we593

have594

∥∥Xk+1 −X
∥∥2
F
≤ (1 + 2mγk(L+ τ))

∥∥Xk −X
∥∥2
F
− 2mγk

(
f(Xk)− f(X)

)
+m2γ2kL

2 + C(m)γ3kL
2(L+ τ), ∀ k ≥ 0,

595

where C(m) = 1
3m(m− 1)(2m− 1).596
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Proof. According to Lemma 1, for any X ∈ St(n, r), we have597 ∥∥Xk,i −X
∥∥2
F
≤
∥∥Xk,i−1 + ξk,i−1 −X

∥∥2
F

(i)

≤
∥∥Xk,i−1 −X

∥∥2
F
− 2γk

〈
∇̃Rfi(Xk,i−1),Xk,i−1 −X

〉
+ γ2kL

2

(ii)

≤
∥∥Xk,i−1 −X

∥∥2
F
− 2γk

(
fi(Xk,i−1)− fi(X)

)
+ γk(L+ τ)

∥∥Xk,i−1 −X
∥∥2
F

+ γ2kL
2,

(5.1)598

where (i) follows from the fact that
∥∥∥∇̃Rfi(Xk,i−1)

∥∥∥ ≤ ∥∥∥∇̃fi(Xk,i−1)
∥∥∥
F
≤ L and (ii)599

is from Theorem 1. Following the derivations of (4.7)–(4.9), we get600

fi(X)− fi(Xk,i−1) ≤ (i− 1)γkL
2 − (fi(Xk)− fi(X)),601 ∥∥Xk,i−1 −X

∥∥2
F
≤ 2(i− 1)2γ2kL

2 + 2
∥∥Xk −X

∥∥2
F
.602603

Substituting the above two upper bounds into (5.1) gives604 ∥∥Xk,i −X
∥∥2
F
≤
∥∥Xk,i−1 −X

∥∥2
F
− 2γk

(
fi(Xk)− fi(X)

)
+ 2γk(L+ τ)

∥∥Xk −X
∥∥2
F

605

+ (2i− 1)γ2kL
2 + 2(i− 1)2γ3kL

2(L+ τ).606607

Upon summing both sides of the above inequality over i = 1, . . . ,m, we obtain608 ∥∥Xk+1 −X
∥∥2
F
≤ (1 + 2mγk(L+ τ))

∥∥Xk −X
∥∥2
F
− 2mγk

(
f(Xk)− f(X)

)
609

+m2γ2kL
2 +

1

3
m(m− 1)(2m− 1)γ3kL

2(L+ τ),610
611

which completes the proof.612

In order for Riemannian subgradient-type methods to achieve linear convergence613

when solving sharp instances of problem (1.1), we need to choose the stepsizes ap-614

propriately. Motivated by previous works [13, 21, 36, 42, 49] on sharp weakly convex615

minimization in the Euclidean space, let us consider using geometrically diminishing616

stepsizes of the form γk = βkγ0, k = 0, 1, . . .. Then, by applying Proposition 3, we617

can establish the following local linear convergence result:618

Theorem 4. Consider the setting of Proposition 1. Suppose further that X is a619

set of weak sharp minima for the objective function f in (1.1) with parameter α >620

0 over the set B defined in Definition 1. Let {Xk} be the sequence generated by621

Riemannian incremental subgradient method (2.6) for solving problem (1.1), in which622

the initial point X0 satisfies dist(X0,X ) < min
{

α
L+τ , ρ

}
(so that X0 ∈ B) and the623

stepsizes satisfy γk = βkγ0, k = 0, 1, . . ., where624

γ0 < min

{
2me0(α− (L+ τ)e0)

d(m)L2
,

e0
2m(α− (L+ τ)e0)

}
,625

626

β ∈ [βmin, 1) with βmin :=

√
1 + 2m

(
L+ τ − α

e0

)
γ0 +

d(m)L2

e20
γ20 ,627

628

d(m) =
5

3
m2 −m+

1

3
, and e0 = min

{
max

{
dist(X0,X ),

α

2(L+ τ)

}
, ρ

}
.629

Then, we have630

dist(Xk,X ) ≤ βk · e0, ∀ k ≥ 0.631
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Proof. We first show that βmin ∈ (0, 1) and γ0 > 0 are well defined. Towards632

that end, note that βmin =
√

1 + v(γ0) with v(γ) = 2m
(
L+ τ − α

e0

)
γ + d(m)L2

e20
γ2633

being quadratic in γ. By definition of γ0, we immediately have v(γ0) < 0. Moreover,634

the function γ 7→ v(γ) attains its minimum at γ = me0(α−(L+τ)e0)
d(m)L2 with value v(γ) =635

−m
2(α−(L+τ)e0)2

d(m)L2 > −α2

L2 ≥ −1, where the first inequality is due to m2

d(m) ≤ 1 for m ≥ 1636

and e0 < α
L+τ , and the second inequality is implied by the sharpness assumption637

because α‖X−X‖F ≤ f(X)−f(X) ≤ L‖X−X‖F for any X ∈ B and X ∈ PX (X).638

Hence, we have v(γ0) ∈ (−1, 0), which implies that βmin ∈ (0, 1). On the other hand,639

since e0 <
α

L+τ , the upper bound on the initial stepsize γ0 is positive. It follows that640

γ0 is well defined.641

We now prove the theorem by induction on k. The base case k = 0 follows directly642

from the definition of e0. For the inductive step, suppose that dist(Xk,X ) ≤ βk · e0643

for some k ≥ 0. Note that this implies Xk ∈ B. Let X ∈ PX (Xk). Clearly, we644

have dist(Xk,X ) =
∥∥Xk −X

∥∥
F

and dist(Xk+1,X ) ≤
∥∥Xk+1 −X

∥∥
F

. Hence, by645

Proposition 3, the sharpness assumption, and the fact that γk ≤ γ0 for k = 0, 1, . . .,646

we get647

dist2(Xk+1,X ) ≤ (1 + 2mγ0(L+ τ)) dist2(Xk,X )− 2mγkα dist(Xk,X )

+m2γ2kL
2 + C(m)γ3kL

2(L+ τ).
(5.2)648

Observe that the RHS of the above recursion is quadratic in dist(Xk,X ). By definition649

of γ0, we have γ0 <
e0

2m(α−(L+τ)e0) and hence 2mγ0α
1+2mγ0(L+τ)

< e0. This implies that the650

RHS of (5.2) achieves its maximum when dist(Xk,X ) = βk · e0. Since dist(Xk,X ) ≤651

βk · e0 by the inductive hypothesis, plugging γk = βkγ0 and dist(Xk,X ) = βk · e0 into652

(5.2) yields653

dist2(Xk+1,X )

≤ β2ke20

[
1 + 2m

(
L+ τ − α

e0

)
γ0 + L2

(
m2 + C(m)γ0(L+ τ)

e20

)
γ20

]
.

(5.3)654

Note that γ0 <
2m(αe0−(L+τ)e20)

d(m)L2 ≤ mα2

2d(m)L2(L+τ) <
1

m(L+τ) . It then follows from (5.3)655

that656

dist2(Xk+1,X ) ≤ β2ke20

[
1 + 2m

(
L+ τ − α

e0

)
γ0 +

d(m)L2

e20
γ20

]
≤ β2(k+1)e20.657

This completes the inductive step and hence the proof of Theorem 4.658

From Theorem 4, we see that in order to achieve a fast linear convergence rate, one659

should choose an appropriate γ0 so that the minimum decay factor βmin is as small as660

possible. By minimizing βmin with respect to γ0, we see that the theoretical minimum661

value of βmin is
√

1− m2(α−(L+τ)e0)2
d(m)L2 , which is attained at γ0 = γ0 = me0(α−(L+τ)e0)

d(m)L2 .662

This suggests that subject to the requirement in Theorem 4, the initial stepsize γ0663

should be set as close to γ0 as possible. As an illustration, consider the case where664

the sharpness property holds globally over the Stiefel manifold (i.e., B = St(n, r) in665

Definition 1). Then, the parameter ρ can be set as large as possible. In this case, we666

have e0 = max
{

dist(X0,X ), α
2(L+τ)

}
, and the condition on γ0 in Theorem 4 becomes667

γ0 <
2me0(α−(L+τ)e0)

d(m)L2 . This implies that we can choose γ0 = γ0 to obtain the smallest668
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possible βmin. Note, however, that the larger the initialization error dist(X0,X ), the669

larger the minimum decay factor βmin. In particular, from the expression for βmin670

above, we see that βmin approaches 1 as dist(X0,X ) approaches its maximum α
L+τ .671

We end this section by comparing the sharpness property with the Riemannian672

regularity condition used in [3] and [69] for orthogonal DL and RSR, respectively. For673

a target solution set X , the Riemannian regularity condition stipulates the existence674

of a constant κ > 0 such that
〈
∇̃Rf(X),X − Y

〉
≥ κdist(X,X ) for all X in a675

small neighborhood of X and Y ∈ PX (X). This condition is motivated by the need676

to bound the inner product term on the LHS in the convergence analysis of the677

Riemannian subgradient method; see (5.1) with fi = f and Xk,i−1 = Xk. Informally,678

the Riemannian regularity condition is a combination of the Riemannian subgradient679

inequality in Theorem 1 and the sharpness property in Definition 1. However, the680

tangling of these two elements potentially restricts the applicability of the Riemannian681

regularity condition. In particular, since the Riemannian regularity condition can only682

hold locally, it cannot be used to establish global convergence and iteration complexity683

results for the Riemannian subgradient method.684

6. Extension to Optimization over a Compact Embedded Submanifold.685

There is of course no conceptual difficulty in adapting the Riemannian subgradient-686

type methods in Subsection 2.2 to minimize weakly convex functions over more general687

manifolds. All that is needed is an efficiently computable retraction on the manifold of688

interest. In this section, let us briefly demonstrate how the machinery developed in the689

previous sections can be extended to study the convergence behavior of Riemannian690

subgradient-type methods when the manifold in question is compact and defined by691

a certain smooth mapping.692

Riemannian subgradient inequality. Our starting point is the following gen-693

eralization of the Riemannian subgradient inequality in Theorem 1, which applies694

to restrictions of weakly convex functions on a class of compact embedded subman-695

ifolds of the Euclidean space. Some examples of manifolds in this class include the696

generalized Stiefel manifold, oblique manifold, and symplectic manifold; see, e.g., [2].697

Corollary 1. Let M be a compact submanifold of Rp given by M = {X ∈ Rp :698

F (X) = 0}, where F : Rp → Rq is a smooth mapping whose derivative DF (X) at X699

has full row rank for all X ∈ M. Then, for any weakly convex function h : Rp → R,700

there exists a constant c > 0 such that701

h(Y ) ≥ h(X) +
〈
∇̃Rh(X),Y −X

〉
− c‖Y −X‖2F702

for all X,Y ∈M and ∇̃Rh(X) ∈ ∂Rh(X).703

Proof. By our assumptions on F and [2, Equation (3.19)], we have TXM =704

ker(DF (X)), where ker(T ) denotes the kernel of the operator T . Thus, the projector705

P⊥TXM is given by DF (X)>(DF (X)DF (X)>)−1DF (X). Following the proof of706

Theorem 1, we need to bound707 〈
∇̃h(X),P⊥TXM(Y −X)

〉
≥ −‖∇̃h(X)‖F · ‖P⊥TXM(Y −X)‖F708

=− ‖∇̃h(X)‖F · ‖DF (X)>(DF (X)DF (X)>)−1DF (X)(Y −X)‖F709

≥− ‖∇̃h(X)‖F · max
X∈M

‖DF (X)>(DF (X)DF (X)>)−1‖F · ‖DF (X)(Y −X)‖F .710
711

Since h is weakly convex on Rp, it is Lipschitz continuous on any bounded open convex712

set U that contains M. Thus, the term ‖∇̃h(X)‖F is bounded above. Moreover, the713
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compactness ofM implies that the term maxX∈M ‖DF (X)>(DF (X)DF (X)>)−1‖F714

is also bounded above. Lastly, observe that F (Y ) = F (X)+DF (X)(Y −X)+O(‖Y −715

X‖2F ) by Taylor’s theorem and F (X) = F (Y ) = 0 whenever X,Y ∈ M. Hence, we716

have ‖DF (X)(Y −X)‖F = O(‖Y −X‖2F ). Putting these together, we conclude that717 ∣∣∣〈∇̃h(X),P⊥TXM(Y −X)
〉∣∣∣ = O(‖Y −X‖2F ). The rest of the argument is similar to718

that in the proof of Theorem 1.719

General retractions. The notion of retraction introduced in Subsection 2.1720

for the Stiefel manifold can be easily adapted to that for general manifolds. Specif-721

ically, a retraction on the manifold M is a smooth map Retr : TM → M from722

the tangent bundle TM onto the manifold M that satisfies RetrX(0) = X and723

DRetrX(0) = Id for all X ∈ M. Unlike the polar decomposition-based retraction724

on the Stiefel manifold, a general retraction may not have the Lipschitz-like prop-725

erty in Lemma 1. Nevertheless, a retraction on a compact submanifold M satisfies726

a second-order boundedness property [7]; i.e., there exists a constant b ≥ 0 such that727

for all X ∈M and ξ ∈ TXM,728

‖RetrX(ξ)−X − ξ‖F ≤ b‖ξ‖2F .729

This allows us to replace the result in Lemma 1 by730 ∥∥RetrX(ξ)−X
∥∥
F

= ‖(X + ξ)−X + RetrX(ξ)− (X + ξ)‖F731

≤ ‖X + ξ −X‖F + b‖ξ‖2F ,732733

which holds for any X,X ∈ M and ξ ∈ TXM. Although the above inequality has734

the extra term b‖ξ‖2F , it can still be used to establish convergence guarantees (with735

slightly worse constants) for the Riemannian subgradient-type methods considered736

in Subsection 2.2. Specifically, by following the analyses in Sections 4 and 5, we737

can show that for problem (1.1) with the Stiefel manifold St(n, r) being replaced by a738

manifold of the type considered in Corollary 1, the iteration complexity of Riemannian739

subgradient-type methods for computing an ε-nearly stationary point is O(ε−4), and740

the Riemannian subgradient and incremental subgradient methods will achieve a local741

linear convergence rate if the instance satisfies the sharpness property in Definition 1.742

7. Applications and Numerical Results. In this section, we apply the Rie-743

mannian subgradient-type methods in Subsection 2.2 to solve the RSR and orthogo-744

nal DL problems. As described in Section 1, the objective functions of both problems745

are weakly convex. Thus, Theorem 2 and Theorem 3 ensure that the Riemannian746

subgradient-type methods with arbitrary initialization will have a global convergence747

rate of O(k−1/4) when utilized to solve those problems. We also discuss the sharpness748

properties of the RSR and orthogonal DL problems. For reproducible research, our749

code for generating the numerical results can be found at750

https://github.com/lixiao0982/Riemannian-subgradient-methods751

7.1. Robust subspace recovery (RSR). We begin with the DPCP formula-752

tion (1.3) of the RSR problem, which has a relatively simpler form than the least ab-753

solute deviation (LAD) formulation (1.2). Recall that the objective function in (1.3)754

takes the form St(n, r) 3 X 7→ f(X) = 1
m

∑m
i=1

∥∥ỹ>i X∥∥2, where ỹi ∈ Rn (i =755

1, . . . ,m) denotes the i-th column of Ỹ =
[
Y O

]
Γ ∈ Rn×m, the columns yi of756

Y ∈ Rn×m1 form inlier points spanning a d-dimensional subspace S with r = n − d,757

the columns oi of O ∈ Rn×m2 form outlier points, and Γ ∈ Rm×m is an unknown758
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permutation. Note that f is rotationally invariant; i.e., f(X) = f(XR) for any759

X ∈ St(n, r) and R ∈ St(r, r).760

Sharpness. Let S⊥ ∈ St(n, r) be an orthonormal basis of S⊥. Since the goal761

of DPCP is to find an orthonormal basis (but not necessary S⊥) for S⊥, we are762

interested in the elements in the set X = {S⊥R ∈ Rn×r : R ∈ St(r, r)}. Due to763

rotation invariance, f is constant on X . To study the sharpness property of problem764

(1.3), let us introduce two quantities that reflect how well distributed the inliers and765

outliers are:766

cY ,min :=
1

m1
inf

D∈Rn×`,
‖D‖F=1, col(D)⊆S

m1∑
i=1

‖y>i D‖2,(7.1)767

cO,max :=
1

m2
sup

B∈Rn×r,
‖B‖F=1

m2∑
i=1

‖o>i B‖2.(7.2)768

769

Here, ` = min{d, r} and col(D) denotes the column space of D. In a nutshell, larger770

values of cY ,min (respectively, smaller values of cO,max) correspond to a more uniform771

distribution of inliers (respectively, outliers). As the following proposition shows, the772

quantities cY ,min and cO,max can be used to capture the sharpness property of the773

DPCP formulation (1.3).774

Proposition 4. Suppose that m2cO,max ≤ 1
2m1cY ,min. Then, the DPCP formu-775

lation (1.3) has X as a set of weak sharp minima with parameter α = 1
m

(
1
2m1cY ,min−776

m2cO,max

)
> 0 over the set B = St(n, r); i.e.,777

f(X)− f(S⊥) ≥ α dist(X,X ), ∀ X ∈ St(n, r).778

Proof. Let X ∈ St(n, r) be arbitrary. For any X? ∈ PX (X), we have f(X?) =779

f(S⊥) and780

f(X)− f(S⊥) =
1

m

m∑
i=1

∥∥ỹ>i X∥∥2 − 1

m

m∑
i=1

∥∥ỹ>i S⊥∥∥2
=

1

m

m1∑
i=1

∥∥y>i X∥∥2 +
1

m

(
m2∑
i=1

∥∥o>i X∥∥2 − m2∑
i=1

∥∥o>i S⊥∥∥2
)
,

(7.3)781

where yi (respectively, oi) is the i-th column of Y (respectively, O), and the second782

line follows because the inliers {yi}m1
i=1 are orthogonal to S⊥. Now, let us derive lower783

bounds for the two terms on the right-hand side separately.784

For the first term, let S ∈ Rn×d be an orthonormal basis of the subspace S. By785

projecting X onto the orthogonal subspaces S and S⊥, we have786

(7.4) X = SS>X + S⊥(S⊥)>X.787

For i = 1, . . . , r, let φi = arccos(σi((S
⊥)>X)) be the i-th smallest principal angle788

between the subspaces spanned by X and S⊥, where σi(·) denotes the i-th largest789

singular value [51]. Then, we can write (S⊥)>X = U cos(Φ)W>, where cos(Φ) ∈790

Rr×r is the diagonal matrix with cos(φ1) ≥ · · · ≥ cos(φr) on its diagonal and U ∈791

Rr×r, W ∈ Rr×r are orthogonal matrices. On the other hand, according to [29,792

Theorem 2.7], the i-th smallest principal angle between the subspaces spanned by793

X and S is φ̃i = π
2 − φr−i+1, where i = 1, . . . , ` with ` = min{d, r}. Hence, we794
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can write S>X = V sin(Φ̃)H>, where sin(Φ̃) ∈ R`×` is the diagonal matrix with795

sin(φr) ≥ · · · ≥ sin(φr−`+1) on its diagonal and V ∈ Rd×`, H ∈ Rr×` are orthogonal796

matrices. These, together with (7.4), yield X = SV sin(Φ̃)H> + S⊥U cos(Φ)W>.797

Hence, we can bound798

m1∑
i=1

‖y>i X‖2 =

m1∑
i=1

‖y>i SV sin(Φ̃)‖2

= ‖SV sin(Φ̃)‖F
m1∑
i=1

∥∥∥∥∥y>i SV sin(Φ̃)

‖SV sin(Φ̃)‖F

∥∥∥∥∥
2

≥ m1cY ,min‖ sin(Φ̃)‖F ,
(7.5)799

where cY ,min is defined in (7.1). On the other hand, observe that800

dist2(X,X ) = minimize
R∈St(r,r)

‖X − S⊥R‖2F = ‖X − S⊥UW>‖2F

= 2r − 2 trace(cos(Φ)) = 2
∑̀
i=1

(1− cos(φi)) = 4
∑̀
i=1

sin2(φi/2) ≤ 4‖ sin(Φ̃)‖2F ,
(7.6)801

where the second equality follows from the solution to the orthogonal Procrustes802

problem [48] and the fourth equality utilizes the fact that the number of nonzero803

principal angles in Φ is at most ` = min{d, r} [29, Theorem 2.7]. Combining (7.5)804

and (7.6) gives805

(7.7)

m1∑
i=1

‖y>i X‖2 ≥
1

2
m1cY ,min dist(X,X ).806

Now, let us consider the second term on the right-hand side of (7.3). Let R? =807

argminR∈St(r,r) ‖X − S⊥R‖F . Then, we have808 ∣∣∣∣∣
m2∑
i=1

‖o>i X‖2 − ‖o>i S⊥‖2

∣∣∣∣∣ ≤
m2∑
i=1

∣∣‖o>i X‖2 − ‖o>i S⊥R?‖2
∣∣

≤
m2∑
i=1

‖o>i (X − S⊥R?)‖2 = ‖X − S⊥R?‖F
m2∑
i=1

∥∥∥∥o>i X − S⊥R?

‖X − S⊥R?‖F

∥∥∥∥
2

≤ m2cO,max dist(X,X ),

(7.8)809

where cO,max is defined in (7.2).810

By plugging (7.7) and (7.8) into (7.3), the desired result follows.811

The requirement m2cO,max ≤ 1
2m1cY ,min in Proposition 4 determines the number812

of outliers that can be tolerated. Now, let us give probabilistic estimates of the813

quantities cY ,min and cO,max under the popular Haystack model (see, e.g., [34,40,68])814

of the input data. The model stipulates that the inliers {yi}m1
i=1 are i.i.d. according815

to the Gaussian distribution N (0, 1dPS) with PS being the orthogonal projector onto816

the d-dimensional subspace S, while the outliers {oi}m2
i=1 are i.i.d. according to the817

Gaussian distribution N (0, 1
nIn).818

Lemma 2. Under the Haystack model, the event819

cY ,min ≥
√

2

dπ
−
√

8`

m1
− c1√

m1
820
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will hold with probability at least 1 − 2 exp(− c
2
1d
2 ) for some constant c1 > 0, where821

` = min{d, r}. Moreover, the event822

cO,max ≤
1√
n

+

√
8r

m2
+

c2√
m2

823

will hold with probability at least 1− 2 exp(− c
2
2n
2 ) for some constant c2 > 0.824

The proof of Lemma 2 can be found in Appendix A. Lemma 2 implies that under825

the Haystack model, if the numbers of inliers m1 and outliers m2 satisfy m1 & d` and826

m2 & nr, then we will have cY ,min & 1√
d

and cO,max . 1√
n

with high probability.827

Combining Theorem 4, Proposition 4, and Lemma 2, we see that as long as828

(7.9) m2 .

√
n

d
m1829

so that m2cO,max ≤ 1
2m1cY ,min, the Riemannian subgradient and incremental sub-830

gradient methods with geometrically diminishing stepsizes and a proper initialization831

will converge linearly to an orthonormal basis of S⊥. One initialization strategy is to832

take the bottom eigenvectors of Ỹ Ỹ > [40, 70].833

It is instructive to compare the bound (7.9) with those in the literature. When834

d = O(1) or when both d and r are on the order of n, our bound (7.9) holds in the835

regime m & n2. In this regime, the algorithms proposed in [40, 68] can recover S as836

long as m2 .
√
n(n−d)
d m1; see [40, Section 5.5.2]. Such a bound is superior to ours837

when d = O(1) but is comparable when both d and r are on the order of n. When838

r = O(1), our bound (7.9) holds in the regime m & n, which is superior to the bound839

m2 . n−d
d m1 established in [34, 67] for the same regime. We remark that there are840

other works [32,62,70] studying the RSR problem. However, they differ from our work841

in that they either assume different data models, require additional data structures,842

or consider the asymptotic setting m→∞.843

To further demonstrate the power of Proposition 4, let us use it to establish the844

sharpness property of the LAD formulation (1.2). To begin, let g be the objective845

function in (1.2) and S ∈ St(n, d) be an orthonormal basis of S. We are interested in846

the set D = {SR : R ∈ St(d, d)}, whose elements are different orthonormal bases of S.847

Now, observe that for anyX ∈ St(n, r), we can find an orthonormal basis Z ∈ St(n, d)848

of col(X)⊥, and vice versa, such that f(X) = g(Z) (recall that f is the objective849

function in (1.3)). Hence, Proposition 4 asserts that g(Z)− g(S) ≥ α dist(X,X ). By850

invoking [29, Theorem 2.7], we obtain dist(X,X ) = dist(Z,D), which shows that D851

is a set of weak sharp minima with parameter α over the set B = St(n, d).852

Experiments. We first randomly sample a subspace S with co-dimension r = 10853

in ambient dimension n = 100. We then generate m1 = 1500 inliers uniformly at854

random from the unit sphere in S and m2 = 3500 outliers uniformly at random855

from the unit sphere in Rn. We generate a standard Gaussian random vector and856

use it to initialize all the algorithms, as such an initialization provides comparable857

performance with the carefully designed initialization in [40,70]. The numerical results858

are displayed in Figure 1. Sublinear convergence can be observed from the log-log859

plot in Figure 1a, where we use the diminishing stepsizes suggested in Theorem 2860

and Theorem 3. In Figure 1b, we use geometrically diminishing stepsizes of the form861

γk = βkγ0. We fix γ0 = 0.1 and tune the best decay factor β for each algorithm. A862

linear rate of convergence can be observed, which corroborates our theoretical results.863
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(b) DPCP: Geometrically diminishing stepsizes
of the form γk = 0.1× βk, k = 0, 1, . . .

Fig. 1: Convergence performance of Riemannian subgradient-type methods for the DPCP
formulation (1.3).

7.2. Orthogonal dictionary learning (ODL). We now turn to the orthog-864

onal DL problem. Given Y = AS ∈ Rn×m, where A ∈ St(n, n) is an unknown865

orthonormal dictionary and each column of S ∈ Rn×m is sparse, we can try to re-866

cover the columns of A one at a time by considering the formulation (1.4), whose867

objective function takes the form Sn−1 3 x 7→ f(x) = 1
m

∑m
i=1

∣∣y>i x∣∣, or to recover868

the entire dictionary by considering the formulation (1.5), whose objective function869

takes the form St(n, n) 3X 7→ f(X) = 1
m

∑m
i=1

∥∥y>i X∥∥1.870

Sharpness. The sharpness property of the formulation (1.4) has been studied871

in [3], while that of (1.5) has been studied in [59] only in the asymptotic regime;872

i.e., when the number of samples m tends to infinity. Although we do not yet know873

how to establish the sharpness property of (1.5) in the finite-sample regime, the874

following numerical results suggest that problem (1.5) likely possesses such a property,875

as the Riemannian subgradient-type methods with geometrically diminishing stepsizes876

exhibit linear convergence behavior, even with a random initialization. We leave the877

study of the sharpness property of (1.5) in the finite-sample regime as a future work.878

Experiments. For the orthogonal DL application, we generate synthetic data879

in the same way as [3]. Specifically, we first generate the underlying orthogonal880

dictionary A ∈ St(n, n) with n = 30 randomly and set the number of samples m to881

be m = 1643 ≈ 10 × n1.5. We then generate a sparse coefficient matrix S ∈ Rn×m,882

in which each entry follows the Bernoulli-Gaussian distribution with parameter 0.3883

(sparsity)—i.e., each entry Si,j is drawn independently from the standard Gaussian884

distribution with probability 0.3 and is set to zero otherwise. Lastly, we obtain the885

observation Y = AS. As before, we generate a standard Gaussian random vector and886

use it to initialize all the algorithms. To evaluate the performance of the algorithms,887

we define the error between X and A as err(X,A) =
∑n
i=1

∣∣max1≤j≤n
∣∣[x>i A]j

∣∣− 1
∣∣,888

where xi is the i-th column of X. Clearly, err(X,A) = 0 when X and A are889

equal up to permutation and sign ambiguities. The numerical results are shown in890

Figure 2. The log-log plot in Figure 2a shows the sublinear convergence of Riemannian891

subgradient-type methods when the diminishing stepsizes suggested in Theorem 2 and892
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(a) ODL: Diminishing stepsizes of the form γk =
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(b) ODL: Geometrically diminishing stepsizes of
the form γk = 0.1× βk, k = 0, 1, . . .

Fig. 2: Convergence performance of Riemannian subgradient-type methods for the orthog-
onal DL problem (1.5).

Theorem 3 are used. Figure 2b shows the linear convergence of those methods when893

geometrically diminishing stepsizes of the form γk = βkγ0 are used. Here, γ0 = 0.1894

and the best decay factor β is chosen for each algorithm.895

8. Conclusion. In this work, we introduced a family of Riemannian subgradient-896

type methods for minimizing weakly convex functions over the Stiefel manifold. We897

proved, for the first time, iteration complexity and local convergence rate results for898

these methods. Specifically, we showed that all these methods have a global sublinear899

convergence rate, and that if the problem at hand further possesses the sharpness900

property, then the Riemannian subgradient and incremental subgradient methods901

with geometrically diminishing stepsizes and a proper initialization will converge lin-902

early to the set of weak sharp minima of the problem. The key to establishing these903

results is a new Riemannian subgradient inequality for restrictions of weakly convex904

functions on the Stiefel manifold, which could be of independent interest. Our results905

can be extended to cover weakly convex minimization over a class of compact embed-906

ded submanifolds of the Euclidean space. Lastly, we showed that certain formulations907

of the RSR and orthogonal DL problems possess the sharpness property and verified908

the convergence performance of the Riemannian subgradient-type methods on these909

problems via numerical simulations.910

Our work has opened up several interesting directions for future investigation.911

First, one can readily generalize our results to weakly convex minimization over a912

Cartesian product of Stiefel manifolds, which has applications in `1-PCA [33, 58]913

and robust phase synchronization [57]. Next, since our results are specific to weakly914

convex minimization over the Stiefel manifold, it would be interesting to see if they can915

be extended to handle more general nonconvex nonsmooth functions over a broader916

class of Riemannian manifolds. We believe that this should be possible based on the917

analytic framework developed here. Finally, we suspect that the global convergence918

rate O(k−
1
4 ) we established for the Riemannian subgradient-type methods is not tight.919

This is because the Riemannian proximal point method for solving problem (1.1) has920

a global convergence rate of O(k−
1
2 ) [10], and in smooth optimization the gradient921
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descent method has the same global convergence rate as the proximal point method.922

Hence, it would be interesting to see if the global convergence rate established in this923

paper can be improved.924
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[42] A. Nedić and D. Bertsekas, Convergence rate of incremental subgradient algorithms, in1027
Stochastic Optimization: Algorithms and Applications, S. Uryasev and P. M. Pardalos,1028
eds., vol. 54 of Applied Optimization, Springer Science+Business Media, Dordrecht, 2001,1029
pp. 223–264.1030

[43] A. Nemirovski, A. Juditsky, G. Lan, and A. Shapiro, Robust stochastic approximation1031
approach to stochastic programming, SIAM Journal on Optimization, 19 (2009), pp. 1574–1032
1609.1033

[44] Yu. Nesterov, Introductory Lectures on Convex Optimization: A Basic Course, Kluwer Aca-1034
demic Publishers, Boston, 2004.1035

[45] Q. Qu, J. Sun, and J. Wright, Finding a sparse vector in a subspace: Linear sparsity using1036
alternating directions, IEEE Transactions on Information Theory, 62 (2016), pp. 5855–1037
5880.1038

[46] R. T. Rockafellar and R. J.-B. Wets, Variational Analysis, vol. 317 of Grundlehren der1039
mathematischen Wissenschaften, Springer Science & Business Media, second ed., 2009.1040

[47] R. Rubinstein, A. M. Bruckstein, and M. Elad, Dictionaries for sparse representation1041

This manuscript is for review purposes only.



28 X. LI, S. CHEN, Z. DENG, Q. QU, Z. ZHU, A. M.-C. SO

modeling, Proceedings of the IEEE, 98 (2010), pp. 1045–1057.1042
[48] P. H. Schönemann, A generalized solution of the orthogonal procrustes problem, Psychome-1043

trika, 31 (1966), pp. 1–10.1044
[49] N. Z. Shor, Minimization Methods for Non-Differentiable Functions, vol. 3 of Springer Series1045

in Computational Mathematics, Springer–Verlag, Berlin Heidelberg, 1985.1046
[50] D. A. Spielman, H. Wang, and J. Wright, Exact recovery of sparsely-used dictionaries, in1047

Proceedings of the 25th Annual Conference on Learning Theory, 2012, pp. 37.1–37.18.1048
[51] G. W. Stewart and J. Sun, Matrix Perturbation Theory, Academic Press, Boston, 1990.1049
[52] J. Sun, Q. Qu, and J. Wright, Complete dictionary recovery over the sphere I: Overview and1050

the geometric picture, IEEE Transactions on Information Theory, 63 (2016), pp. 853–884.1051
[53] J. Sun, Q. Qu, and J. Wright, Complete dictionary recovery over the sphere II: Recovery by1052

Riemannian trust-region method, IEEE Transactions on Information Theory, 63 (2016),1053
pp. 885–914.1054

[54] M. C. Tsakiris and R. Vidal, Dual principal component pursuit, Journal of Machine Learning1055
Research, 19 (2018), pp. 1–49.1056

[55] J.-P. Vial, Strong and weak convexity of sets and functions, Mathematics of Operations Re-1057
search, 8 (1983), pp. 231–259.1058

[56] R. Vidal, Y. Ma, and S. S. Sastry, Generalized Principal Component Analysis, vol. 40 of1059
Interdisciplinary Applied Mathematics, Springer-Verlag, New York, 2016.1060

[57] L. Wang and A. Singer, Exact and stable recovery of rotations for robust synchronization,1061
Information and Inference: A Journal of the IMA, 2 (2013), pp. 145–193.1062

[58] P. Wang, H. Liu, and A. M.-C. So, Globally convergent accelerated proximal alternating max-1063
imization method for L1–principal component analysis, in Proceedings of the 2019 IEEE1064
International Conference on Acoustics, Speech, and Signal Processing (ICASSP 2019),1065
2019, pp. 8147–8151.1066

[59] Y. Wang, S. Wu, and B. Yu, Unique sharp local minimum in `1-minimization complete1067
dictionary learning, Journal of Machine Learning Research, 21 (2020), pp. 1–52.1068

[60] Z. Wen and W. Yin, A feasible method for optimization with orthogonality constraints, Math-1069
ematical Programming, 142 (2013), pp. 397–434.1070

[61] J. Wright, Y. Ma, J. Mairal, G. Sapiro, T. S. Huang, and S. Yan, Sparse representation1071
for computer vision and pattern recognition, Proceedings of the IEEE, 98 (2010), pp. 1031–1072
1044.1073

[62] H. Xu, C. Caramanis, and S. Mannor, Outlier-robust PCA: The high-dimensional case,1074
IEEE Transactions on Information Theory, 59 (2012), pp. 546–572.1075

[63] W. H. Yang, L.-H. Zhang, and R. Song, Optimality conditions for the nonlinear programming1076
problems on Riemannian manifolds, Pacific Journal of Optimization, 10 (2014), pp. 415–1077
434.1078

[64] S.-T. Yau, Non-existence of continuous convex functions on certain Riemannian manifolds,1079
Mathematische Annalen, 207 (1974), pp. 269–270.1080

[65] Y. Zhai, Z. Yang, Z. Liao, J. Wright, and Y. Ma, Complete dictionary learning via `4-norm1081
maximization over the orthogonal group, Journal of Machine Learning Research, 21 (2020),1082
pp. 1–68.1083

[66] H. Zhang and S. Sra, First-order methods for geodesically convex optimization, in Proceedings1084
of the 29th Annual Conference on Learning Theory, 2016, pp. 1617–1638.1085

[67] T. Zhang, Robust subspace recovery by Tyler’s M-estimator, Information and Inference: A1086
Journal of the IMA, 5 (2016), pp. 1–21.1087

[68] T. Zhang and G. Lerman, A novel M-estimator for robust PCA, Journal of Machine Learning1088
Research, 15 (2014), pp. 749–808.1089

[69] Z. Zhu, T. Ding, M. Tsakiris, D. Robinson, and R. Vidal, A linearly convergent method1090
for non-smooth non-convex optimization on Grassmannian with applications to robust1091
subspace and dictionary learning, in Advances in Neural Information Processing Systems,1092
2019, pp. 9437–9447.1093

[70] Z. Zhu, Y. Wang, D. Robinson, D. Naiman, R. Vidal, and M. Tsakiris, Dual principal1094
component pursuit: Improved analysis and efficient algorithms, in Advances in Neural1095
Information Processing Systems, 2018, pp. 2171–2181.1096

Appendix A. Proof of Lemma 2.1097

The proof follows the framework in [34, Section 8.1.1] with nontrivial modifica-1098

tions in order to handle our matrix-based definitions of cY ,min and cO,max.1099

Part I. We first derive an upper bound on cO,max. Recall that under the Haystack1100

model, the outliers o1, . . . ,om2
∈ Rn are i.i.d. according to the Gaussian distribution1101
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N (0, 1
nIn). Let o ∼ N (0, 1

nIn) denote an i.i.d. copy of oi. Then, we have1102

sup
‖B‖F=1

m2∑
i=1

‖o>i B‖2

≤ sup
‖B‖F=1

m2∑
i=1

(
‖o>i B‖2 − E

[
‖o>B‖2

])
+ sup
‖B‖F=1

m2∑
i=1

E
[
‖o>B‖2

]
.

(A.1)1103

Using Jensen’s inequality, we bound the second term as follows:1104

sup
‖B‖F=1

m2∑
i=1

E
[
‖o>B‖2

]
≤ sup
‖B‖F=1

m2∑
i=1

√
E [‖o>B‖22]

= sup
‖B‖F=1

m2∑
i=1

√√√√ r∑
j=1

n∑
k=1

E
[
o2kb

2
kj

]
=
m2√
n
.

(A.2)1105

To estimate the first term in (A.1), let {εi : i = 1, . . . ,m2} be independent Rademacher1106

random variables (i.e., Pr [εi = +1] = Pr [εi = −1] = 1/2 for i = 1, . . . ,m2) that are1107

independent of {oi : i = 1, . . . ,m2}. By a standard symmetrization argument (see,1108

e.g., [6, Lemma 11.4]), we have1109

(A.3) E

[
sup

‖B‖F=1

m2∑
i=1

(
‖o>i B‖2 − E

[
‖o>B‖2

])]
≤ 2 E

[
sup

‖B‖F=1

m2∑
i=1

εi‖o>i B‖2

]
.1110

Furthermore, let {εij : i = 1, . . . ,m2; j = 1, . . . , r} be independent Rademacher1111

random variables that are independent of {oi : i = 1, . . . ,m2} and V ∈ Rn×r be1112

the matrix whose j-th column (j = 1, . . . , r) is
∑m2

i=1 εijoi. Then, by the vector1113

contraction inequality in [41, Corollary 1] and Jensen’s inequality, we have1114

E

[
sup

‖B‖F=1

m2∑
i=1

εi‖o>i B‖2

]
≤
√

2 E

 sup
‖B‖F=1

m2∑
i=1

r∑
j=1

εijo
>
i bj

1115

=
√

2 E

 sup
‖B‖F=1

r∑
j=1

(
m2∑
i=1

εijoi

)>
bj

 =
√

2 E

[
sup

‖B‖F=1

〈V ,B〉

]
=
√

2 E [‖V ‖F ]1116

≤
√

2

√√√√√ r∑
j=1

E

∥∥∥∥∥
m2∑
i=1

εijoi

∥∥∥∥∥
2

2

 ≤ √2m2r.1117

1118

This, together with (A.3), yields1119

(A.4) E

[
sup

‖B‖F=1

m2∑
i=1

(
‖o>i B‖2 − E

[
‖o>B‖2

])]
≤ 2
√

2m2r.1120

Now, observe that the function1121

(o1, . . . ,om2) 7→ h(o1, . . . ,om2) := sup
‖B‖F=1

m2∑
i=1

(
‖o>i B‖2 − E

[
‖o>B‖2

])
1122
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is Lipschitz continuous with constant at most
√
m2. Hence, using the Gaussian con-1123

centration inequality for Lipschitz functions [6, Theorem 5.6] and (A.4), we get1124

(A.5)

Pr

[
sup

‖B‖F=1

m2∑
i=1

(
‖o>i B‖2 − E

[
‖o>B‖2

])
≤ 2
√

2m2r + t

]
≥ 1− 2 exp

(
− nt2

2m2

)
.1125

Upon substituting (A.5) and (A.2) into (A.1) and letting t = c2
√
m2, the desired1126

result follows.1127

Part II. We now derive a lower bound on cY ,min. Again, recall that under the1128

Haystack model, the inliers y1, . . . ,ym1
∈ Rn are i.i.d. according to the Gaussian1129

distribution N (0, 1dPS). Thus, for i = 1, . . . ,m1, we have E[yiy
>
i ] = 1

dPS = 1
dSS

>1130

for some orthonormal basis S ∈ St(n, d) of S and yi = Sỹi for some ỹi ∈ Rd. Now,1131

let D ∈ Rn×` be such that ‖D‖F = 1 and col(D) ⊆ S; see (7.1). Then, there exists a1132

D̃ ∈ Rd×` such that D = SD̃ and ‖D̃‖F = 1. In particular, we have y>i D = ỹ>i D̃,1133

and by the rotational invariance of the Gaussian distribution, the vector ỹi follows the1134

Gaussian distribution N (0, 1dId) in Rd. Consequently, we may assume without loss1135

of generality that y1, . . . ,ym1 ∈ Rd are i.i.d. according to the Gaussian distribution1136

N (0, 1dId) and D ∈ Rd×` satisfies ‖D‖F = 1. The rest of the proof will be similar to1137

that of Part I.1138

Let y ∼ N (0, 1dId) denote an i.i.d. copy of yi. Then, we have1139

inf
‖D‖F=1

m1∑
i=1

‖y>i D‖2

≥ inf
‖D‖F=1

m1∑
i=1

(
‖y>i D‖2 − E

[
‖y>D‖2

])
+ inf
‖D‖F=1

m1∑
i=1

E
[
‖y>D‖2

]
.

(A.6)1140

The first term can be written as − sup‖D‖F=1

∑m1

i=1

(
E
[
‖y>D‖2

]
− ‖y>i D‖2

)
. By1141

following the same arguments as in Part I, we obtain1142

(A.7)

Pr

[
sup

‖D‖F=1

m1∑
i=1

(
E
[
‖y>D‖2

]
− ‖y>i D‖2

)
≤ 2
√

2m1`+ t

]
≥ 1− 2 exp

(
− dt2

2m1

)
.1143

It remains to estimate the second term in (A.6). Let di be the i-th column of D,1144

where i = 1, . . . , `. By the Cauchy-Schwarz inequality and the fact that ‖D‖F = 1,1145

we have1146 (
‖d1‖22 + · · ·+ ‖d`‖22

)︸ ︷︷ ︸
=‖D‖2F=1

[
(y>d1)2 + · · ·+ (y>d`)

2
]︸ ︷︷ ︸

=‖y>D‖22

≥
[
‖d1‖2|y>d1|+ · · ·+ ‖d`‖2|y>d`|

]2
.

1147

Since y>di ∼ N (0, 1d‖di‖
2
2), we obtain1148

E
[
‖y>D‖2

]
≥ E

[
‖d1‖2|y>d1|+ · · ·+ ‖d`‖2|y>d`|

]
=

√
2

dπ
.1149

Note that the above inequality holds as equality when d1 = · · · = d`. This implies1150

that1151

(A.8) inf
‖D‖F=1

m1∑
i=1

E
[
‖y>D‖2

]
= m1

√
2

dπ
.1152

By substituting (A.7) with t = c1
√
m1 and (A.8) into (A.6), we complete the proof.1153
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