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ABSTRACT. The presentpaperproposesa new approachto solve generalizedfractionalprogram-
ming problemswith approximation.Capitalizingon two alternatives,we review theDinkelbach-type
methodsandsetforth the main dif�culty in applyingthesemethods.In orderto copewith this dif-
�culty , we proposeanapproximationapproachthatcanbecontrolledby a predeterminedparameter.
Theproposedapproachis promisingparticularlywhenit is acceptableto �nd an effective, but near-
optimalvaluein anef�cient manner. Oncetheapproximationparameteris �x ed,our analysisshows
how goodis thevaluefoundby theapproximation.In addition,we presentseveralobservationsthat
may be suitablefor improving the performanceof the proposedapproach.Finally, we supportour
discussionthroughnumericalexperiments.

Keywords.Generalizedfractionalprogramming,approximationapproach,near-optimalsolution,per-
formanceimprovementobservations

1 Intr oduction

Decisionmakersin differentapplicationareasdemandeffectiveandeasy-to-usesolutionmethodsfor their
optimizationproblems.In many circumstances,they arereadyto welcomea new approacheven though
this approachmay yield a valueclose-enoughto the actual(or theoretical)optimal value. Oneway of
satisfyingthis demandis incorporatingapproximationapproachesinto well-known solutionmethods.To
our advantage,theprecisionof anapproximationapproachdependson prede®nedparameters.Therefore
throughanapproximationparameter, thetrade-off betweenthequalityof theresultsandthesimpli®cation
of theproblemcanbecontrolled.

In this paper, we focuson solvinga generalizedfractionalprogramming(GFP)problemby anapprox-
imationapproach.GFPproblemsarisein many real-life applications.Oneearlyexampledatesbackto
the time of von Neumannwhenhe usedGFP in modelingan expandingeconomy[28]. Another im-
portantapplicationis within the ®eld of multi-objective programming.In this case,the main goal is to
minimize the maximumdeviation of the fractionalobjectives, like input-outputratios,from their target
values[20, 26, 25, 24]. Also in numericalanalysis,GFPmethodsareusedfor solvingrationalChebyshev
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2 GENERALIZED FRACTIONAL PROGRAMMING AND THE DINKELBACH METHOD

approximations[2, 11, 21, 19]. Someotherapplicationsof fractionalprogramminghavebeengivenin the
literature;see[17].

To study the theoreticalpropertiesof GFP problems,researchersmadeuseof the tools from duality
theory, nonlinearprogrammingandnumericalanalysis.Naturally, thestudyof thetheoreticalproperties
led to thedevelopmentof varioussolutionmethods[13, 14,12, 6, 5, 3, 20, 22, 27]. Themajorityof these
methodsarethevariationsof theapproachsuggestedin thepioneeringwork of Crouz�eix et. al. [13]. In
theliterature,thesemethodsarealsoknown asDinkelbach-typemethods[15]. Althoughnot immediately
clear, it canbeshown thatDinkelbach-typemethodsareactuallycuttingplanemethods[4]. Thesemethods
arebasedon the ideaof solving a sequenceof auxiliary problemsso that the solutionsof the auxiliary
problemsconvergeto thesolutionof theGFPproblem.Thesemethodsareverypowerful. However, their
performancesheavily dependon theeffective solutionsof theauxiliaryproblems.In generaltheauxiliary
problemsarenonsmoothandnonlinear. Therefore,they might posea majordif®culty in solvingtheGFP
problemseffectively andeasily. In a recentreview by FrenkandSchaible,the theoreticalpropertiesof
fractionalprogrammingproblemsareextensively studied[18].

Themainideaof thispaperis replacingthedif®cult auxiliaryproblemsin Dinkelbach-typemethodswith
relatively simpleapproximations.Approximationsof thesesortyield "-optimal (close-enough)valuesto
the auxiliary problems. Consequently, we will analyzethe error committedby replacingthe auxiliary
problemswith their approximatedcounterparts.Especiallyfor large sizeproblems,the taskof speeding
up thealgorithmsplaysan importantrole. Therefore,we will alsoproposeseveralapproachesthatmay
leadto a performanceimprovement. During our analysis,we will work with a genericapproximation
functionsincethechoiceof theapproximationfunctiondoesnotalterour results.In orderto illustrateour
idea,we will thengive two particularapproximationapproachesthatwill be alsousedin thenumerical
resultssection.Overall, this paperaimsat providing a usefulreferencefor a decisionmaker who agrees
to solve aGFPproblemeffectively at thecostof ®ndinginexactbut controlledsolutions.

2 GeneralizedFractional Programming and the DinkelbachMethod

In thissectionwegiveanoverview ongeneralizedfractionalprogrammingandthemostcommonsolution
approach,namely, the Dinkelbachmethod. Before proceedingto our subsequentanalysis,let us ®rst
introducethegeneralizedfractionalprogrammingproblem

� ∗ := inf
x∈X

max
i∈I

�
f i(x)
gi(x)

�
(P)

whereX � Rn is thefeasibleregion, I := f 1; 2; � � � ; mg is a®nite index setandfor all i 2 I , f i : Rn !
R andgi : Rn ! R aretheproblemfunctions.In addition,if we de®nethefunctionp : X ! (�1 ; 1 ]
by

p(x) := max
i∈I

�
f i(x)
gi(x)

�
; (2.1)

thentheoptimizationproblem(P) canbewrittenas

� ∗ := inf
x∈X

p(x): (2.2)

In thesequelwe denotetheoptimalsolutionof problem(P) by x ∗.

Introducingnow thefunctionsgmin : Rn ! R by

gmin (x) := min
i∈I

gi(x); (2.3)

it is necessaryto imposethefollowing assumptionto avoid pathologicalinstancesof problem(P).
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Assumption2.1 gmin (x) > 0 for everyx 2 X .

The main ideaof theDinkelbachmethodis to provide a solutionto the dif®cult optimizationproblem
(P) by solvingasequenceof relatively simpleparameterizedproblems.In thisoverview section,wefocus
on two main Dinkelbach-typeapproaches.The ®rst approachis basedon solving constrainedsubprob-
lems,whereasthesecondapproachaimsatreformulatingtheparameterizedsubproblemsasunconstrained
nonlinearoptimizationproblems.

Westartwith the®rst approachby de®ningfor every i 2 I , thefunctions�i : Rn+1 ! R givenby

� i(�; x) := f i(x) � �g i(x) (2.4)

andfor every (�; x) 2 Rn+1 , thefunction

� (�; x) := max
i∈I

� i(�; x): (2.5)

This leadsto theassociatedparametricconstrainedoptimizationproblem

� (� ) := inf
x∈X

� (�; x): (Pλ)

After minor modi®cationsof the proofsin [13], onecanshow the following importantresults(seealso
[18]).

Lemma 2.1 � (� ) � 0 if andonly if �1 < � � � ∗.

Lemma 2.2 Thefollowingconditionsare equivalent:

1. Theoptimizationproblem(P) hasan optimalsolution.

2. ThesetV de�nedby

V := f � 2 R : Problem(Pλ) hasanoptimalsolutionand� (� ) = 0g

is nonempty.

3. ThesetV is a singletonwith V = f � ∗g.

Wenow discusstheunconstrainedapproach.In thiscasethefeasibleregionX is givenby

X := f x 2 Rn : hj(x) � 0; j 2 J g; (2.6)

whereJ := f 1; 2; � � � ; pg is a ®nite index setandfor all j 2 J , hj : Rn ! R arereal-valuedfunctions
with h(x) := (h1(x); � � � ; hp(x))T . Clearly, this form of the feasibleset is a commonlyusedform for
numericalpurposes.

In additionto Assumption2.1,we alsoassumefor theunconstrainedapproachthatthefollowing condi-
tion holds.

Assumption2.2 Thefunctionx ! hj(x), j 2 J are convex andthesetX hasa nonemptyinterior, i.e.,
there exist somex0 2 Rn such thatmaxj∈J hj(x0) < 0.
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As before,we startby introducingtheparametricfunction i : Rn+1 ! R givenby

 i(�; x) :=
�

f i(x) � �g i(x); for i 2 I
hi(x); for i 2 J

(2.7)

andconsiderfor (�; x) 2 Rn+1 , thefunction

 (�; x) := max
i∈I∪J

 i(�; x) (2.8)

with theparametricunconstrainedoptimizationproblem

 (� ) := inf
x∈Rn

 (�; x): ( �Pλ)

It is shown in [27, 1] thatthefollowing versionsof theprevioustwo lemmashold.

Lemma 2.3  (� ) � 0 if andonly if �1 < � � � ∗.

Lemma 2.4 Thefollowingconditionsare equivalent:

1. Theoptimizationproblem(P) hasan optimalsolution.

2. ThesetW de�nedby

W := f � 2 R : Problem( �Pλ) hasanoptimalsolutionand (� ) = 0g

is nonempty.

3. ThesetW is a singletonwith W = f � ∗g.

Using theabove results,we candiscussthecomputationalproceduresfor bothconstrainedanduncon-
strainedcases.In orderto applytheDinkelbach-typeapproachcorrespondingto theconstrainedcase,we
alwaysassumethatproblem(P) andproblems(Pλ) for � � � ∗ aresolvable. Thegeneralschemeof the
constrainedcasehasnow theform givenin Algorithm 2.1.

Algorithm 2.1ConstrainedCase

1. Selectx0 2 X andsetk := 1.

2. Set� k := p(xk−1).

3. Determinean elementxk of the setf x 2 X : � (� k; x) < 0g. If suchan elementdoesnot exist,
thenreturn(� k; xk−1), elsesetk := k + 1 andreturnto Step2.

As in the constrainedcase,we assumethat problem(P) andproblems( �Pλ) for � � � ∗ aresolvable.
Observe, if  (� k; xk) < 0, thenit follows automaticallythat hj(xk) < 0 for every j 2 J , andhence,
xk 2 X . The algorithm for the unconstrainedDinkelbach-typeapproachhasnow the form given in
Algorithm 2.2.
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Figure1: Two successive iterationsof Algorithm 2.1.

Algorithm 2.2UnconstrainedCase

1. Selectx0 2 X andsetk := 1.

2. Set� k := p(xk−1).

3. Determineanelementxk of thesetf x 2 Rn :  (� k; x) < 0g. If suchanelementdoesnot exist,
thenreturn(� k; xk−1), elsesetk := k + 1 andreturnto Step2.

Thegeometricalinterpretationof Algorithm 2.1 is illustratedin Figure1. Clearly, for any x k 2 f x 2
X : � (�; x) < 0g we have � (� ) � � (�; xk). Hence,at thekth iterationof Algorithm 2.1,thenonconvex
function � is approximatedfrom above by the polyhedralconvex function � ! � (�; x k). As a direct
consequenceof Lemma2.2, our main goal is to compute� that satis®es� (� ) = 0. Insteadof this
ambitiousgoal,we solve theapproximatingequation� (�; xk) = 0, which leadsto

� = max
i∈I

�
f i(xk)
gi(xk)

�
: (2.9)

Notice that this solutionis indeedthe next iterationin Algorithm 2.1 (Step2). A similar interpretation
canbegivenfor Algorithm 2.2,wherethefunction is approximatedby thepolyhedralconvex function
� !  (�; xk).

In Step3 of both algorithmswe suggestto solve membershipproblemsinsteadof solving the opti-
mizationproblems(Pλ) and( �Pλ). The reasonfor this suggestionis given by the following observation.
Considertheconstrainedapproachandsupposeat iterationk wecomputetheoptimalsolutionx ∗

k of prob-
lem (Pλk ) andat thesametime we choosea differentvectorxk satisfying� (� k; xk) < 0. It might now
happenthat the value� k+1 := p(xk) is closerto � ∗ thanthevalue� k+1 derived from x∗

k. An instance
showing thisbehavior is givenin Example2.1.

Example2.1 Supposewewantto solve

� ∗ = inf
x∈[0,2]

maxf
� 7x + 1
2x + 2

;
� 18x + 2

4x + 1
;

3x � 2
16x + 3

g:
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3 THE APPROXIMATION APPROACH

Let x0 = 1 then� 1 = p(x0) = 0:5263. Noticethat problem(Pλ1 ) can be solvedby a standard linear
programmingsolver. After solvingproblem(Pλ1 ), we �nd the optimal solutionx∗

1 = 0:3295with the
objectivefunctionvalue� (� 1; x∗

1) = � 1:4468. At thenext iteration, weneedto compute� ∗
2 := p(x∗

1) =
� 0:1228. On theotherhand,insteadof theoptimalsolution,if weselectx 1 = 0:30 yielding� (� 1; x1) =
� 1:2368, thenthecorrespondingvalueof � at thenext iterationbecomes� 2 := p(x1) = � 0:1410, which
is lessthan� ∗

2.

This suggeststhat investingtime in solving problem(Pλ) to optimality might not always be the best
strategy. On theotherhand,to determinewhetherthereexistsanelementof thesetf x 2 X : � (� k; x) <
0g or decidewhetherthis set is empty, it is mostnaturalto solve problem(Pλk ), and so x∗

k becomes
a naturalcandidate. This observation may also becomeuseful whenever the optimizationroutine for
solving the auxiliary problemsrequiresa considerableeffort. In this case,onemay stopassoonasthe
optimizationroutine ®nds a feasible,but not necessarilyoptimal, point x that solves the membership
problem.As Lemma2.1andLemma2.3show, from apracticalpointof view, we only needa decreasing
sequenceof � k values.

3 The Approximation Approach

Noticethatin bothAlgorithm 2.1andAlgorithm 2.2,themembershipproblemsatStep3 canbesolvedby
reformulatingtheproblemsasnonlinearoptimizationproblems,i.e., oneneedsto solve (approximately,
seeExample2.1),in theconstrainedcase,theauxiliaryoptimizationproblem

min
x∈X

maxf f 1(x) � �g 1(x); � � � ; f m(x) � �g m(x)g (3.1)

andin theunconstrainedcase,theproblem

min
x∈Rn

maxf f 1(x) � �g 1(x); � � � ; f m(x) � �g m(x); h1(x); � � � ; hp(x)g: (3.2)

Although the max function is a convex increasingfunction, unfortunatelyit is nonsmooth.Therefore,
westill encounteranonsmoothobjective functionin theauxiliary optimizationproblems.Onepromising
solution to this obstacleis to approximatethe max function by a smoothalternative. Considernow a
smooth,convex andincreasingfunction� s : Rs ! R thatsatis®es

lim
ε↓0

" � s(
y
"

) = maxf y1; � � � ; ysg (3.3)

and
0 � " � s(

y
"

) � maxf y1; � � � ; ysg � � s(" ) (3.4)

for everyy 2 Rs. As a directconsequenceof theabove two relations,thefunctiony ! " � s(
y
ε ) becomes

a goodcandidatefor approximatingthenonsmoothobjective functionsof theauxiliary problems.Let us
now give two examplesthatwill alsobeusedin thenumericalresultssection.

Example3.1 It is easyto check that theentropy-typefunction

� s(y) = log

 
sX

i=1

eyi

!

is convex, differentiableand increasing[16]. Moreover, it satis�esrelation (3.3) and relation(3.4) with
� s(" ) = " logs [7].
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3.1 Constrained Case with Approximation 3 THE APPROXIMATION APPROACH

Example3.2 In someproblems,entropy-typefunctionin Example3.1maycreateover�ow problemsbe-
causeof theexponentialfunction. RecentlyBirbil et. al. proposeda more stableapproximationmethod
that aimsat extendingtwo dimensionalapproximationfunctionsto higher dimensionsby recursion [9].
Themainideaof themethodis basedontheobservationthat thehigherdimensionalmax functioncanbe
written recursivelyasfollows

maxf y1; � � � ; ysg = maxf maxf y1; � � � ; yqg; maxf yq+1 ; � � � ; ysgg;

where 1 < q < s. Following this observation,the methodproposedby Birbil et. al. providesa twice
differentiableconvex increasingfunction� s that satis�es relation (3.3). In this case, the error term in
(3.4) is givenby � s(" ) = ε

2(log2(s � 1) + 1)� 2(0), where � 2 : R2 ! R is thebasefunctionthat is used
for approximatingthetwodimensionalmax function,i.e., lim ε↓0 " � 2(y=") = maxf y1; y2g.

3.1 ConstrainedCasewith Approximation

We ®rst startwith theconstrainedcaseof theDinkelbach-typemethod.Given" > 0, de®nethefunction
� ε : R � X ! R by

� ε(�; x) := " � m

�
f 1(x) � �g 1(x)

"
; � � � ;

f m(x) � �g m(x)
"

�
: (3.5)

Hence,insteadof problem(3.1),we canconsiderthesmoothoptimizationproblem

� ε(� ) := min
x∈X

� ε(�; x): (P ε
λ)

To derive thedifferencein theoptimalobjective functionvaluesbetweenoptimizationproblems(Pλ) and
(P ε

λ) weobserve by relation(3.4)andx(� ) belongingto argminx∈X � ε(�; x) that

� ε(� ) � � (� ) � � ε(�; x(� )) � � (�; x(� )) � � m(" ): (3.6)

By thesamerelation,we alsoobtainthat� ε(�; x) � � (�; x) for everyx 2 X and� 2 R andthisshows

� ε(� ) � � (� ) (3.7)

for every � 2 R. Henceit follows by relations(3.6)and(3.7) that

0 � � ε(� ) � � (� ) � � m(" ) (3.8)

for every � 2 R. Thereforeat theexpenseof somelimited error, weconsiderthefollowing approximated
Dinkelbach-typemethod.

Algorithm 3.1ConstrainedCasewith Approximation

1. Selectx0 2 X andsetk := 1.

2. Set� k := p(xk−1).

3. Determineanelementxk of thesetf x 2 X : � ε(� k; x) < 0g. If suchanelementdoesnot exist,
thenreturn(� k; xk−1), elsesetk := k + 1 andreturnto Step2.

Beforediscussingthepropertiesof Algorithm 3.1,we®rst introducethenonemptyset-valuedmappings
S : R � X � I andL : X � I givenby

S(�; x) := f i 2 I : � i(�; x) = � (�; x)g
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and

L(x) := f i 2 I :
f i(x)
gi(x)

= p(x)g:

It is now easyto derive the following upperand lower boundson the difference� k+1 � � k for every
k < k0, with k0 � 1 beingthe total numberof iterationsspentin Algorithm 3.1 beforemeetingthe
stoppingcondition.

Lemma 3.1 Thesequence� k, k < k0 generatedby Algorithm3.1 is strictly decreasingandsatis�es

� (� k; xk)
maxi∈S(λk ,xk ) gi(xk)

� � k+1 � � k �
� (� k; xk)

mini∈L(xk ) gi(xk)
:

Proof. For every k < k0 we know by relation(3.4) and(3.5) that � (� k; xk) � � ε(� k; xk) < 0, and
since� (� k+1 ; xk) = 0 and� ! � (�; xk) is strictly decreasing,thisyields� k+1 < � k. Wenow verify the
aboveinequalities.By thede®nitionof � k+1 , it followsfor every i ∗ belongingto argmaxi∈S(λk ,xk ) gi(xk)
satisfyinggi� (xk) = maxi∈S(λk ,xk ) gi(xk) that

� k+1 � � k �
f i� (xk) � � kgi� (xk)

gi� (xk)
=

� (� k; xk)
maxi∈S(λk ,xk ) gi(xk)

:

Also for every i ∗ belongingto argmini∈L(xk ) gi(xk) satisfyinggi� (xk) = mini∈L(xk ) gi(xk), we obtain
by usingagainthede®nitionof � k+1 that

� k+1 � � k =
f i� (xk) � � kgi� (xk)

gi� (xk)
�

� (� k; xk)
mini∈L(xk ) gi(xk)

;

andthiscompletestheproof. �

If at the kth stepof Algorithm 3.1, we observe that � ε(� k; xk) � � for some� < 0, andit holdsthat
g∗ := maxx∈X maxi∈I gi(x) < 1 , thenit follows by Lemma3.1andrelation(3.4) that

� k+1 � � k �
� ε(� k; xk)

mini∈L(xk ) gi(xk)
�

� �
g∗

: (3.9)

Hencein this case,the improvementin theobjective functionvalueis at least� � =g∗, andin mostcases
it canbe expectedthat this is a conservative bound. In additionto thenumberof iterations,we arealso
interestedin thequality of thesolutiongeneratedby Algorithm 3.1. This meansthatonelikesto derive
an upperboundon the difference� ∗ � � k0 with k0 beingthe iterationat which the stoppingcondition
applies.First weneedthefollowing lemma.

Lemma 3.2 If g∗ := inf x∈X gmin (x) > 0, thenit followsfor everyk < k0 that

0 � � ∗ � � k+1 �
� ε(� k+1 ) � � m(" )

g∗
:

Proof. It is obviousthat0 � � ∗ � � k+1 andto prove thereverseinequality, weobserve for everyk < k0,
x∗ anoptimalsolutionof optimizationproblem(P) andi ∗ belongingto argmaxi∈S(λk +1 ,x� ) gi(x∗) that

0 � � ∗ � � k+1 �
f i� (x∗) � � k+1 gi� (x∗)

gi� (x∗)
=

� (� k+1 ; x∗)
maxi∈S(λk +1 ,x� ) gi(x∗)

: (3.10)
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This shows that � (� k+1 ; x∗) � 0, andsincemaxi∈S(λk +1 ,x� ) gi(x∗) � g∗, by usingrelation(3.10)we
obtainthat

� ∗ � � k+1 �
� (� k+1 ; x∗)

maxi∈S(λk +1 ,x� ) gi(x∗)
�

� (� k+1 ; x∗)
g∗

: (3.11)

Applying relation(3.4)yields

� (� k+1 ; x∗) � � ε(� k+1 ; x∗) � � m(" ) � � ε(� k+1 ) � � m(" );

andby relation(3.11)thedesiredresultfollows. �

Noticethatthestoppingconditionin Algorithm 3.1is satis®edif � ε(� k0 ) � 0 for ®nitek0. Therefore,in
combinationwith Lemma3.2,we have

� ∗ � � k0 �
� � m(" )

g∗
: (3.12)

Finally weobserve in thissubsectionthattheoptimizationproblem(P ε
λ) is asmoothconvex optimization

problemif � > 0, X is a convex setde®nedby differentiableconvex inequalitiesandthe functionsf i,
� gi for all i 2 I aredifferentiableandconvex. In this case,thefunctionx ! gmin (x) is alsoa concave
functionandhence,thevalueg∗ canbe computedby solvinga concave minimizationproblem. Sucha
problemis in generalNP-hard[23].

3.2 UnconstrainedCasewith Approximation

Similar to the previous section,we startwith introducingan approximationfunction  ε : Rn+1 ! R
de®nedby

 ε(�; x) := " � m+ p

�
f 1(x) � �g 1(x)

"
; � � � ;

f m(x) � �g m(x)
"

;
h1(x)

"
; � � � ;

hp(x)
"

�
: (3.13)

Wecannow considerthesmoothoptimizationproblem

 ε(� ) := min
x∈Rn

 ε(�; x): ( �P ε
λ)

In thiscasethecounterpartof relation(3.8)becomes

0 �  ε(� ) �  (� ) � � m+ p(" ) (3.14)

for every � 2 R. Theadaptedversionof Algorithm 2.2with theapproximationis now givenin Algorithm
3.2.

Algorithm 3.2UnconstrainedCasewith Approximation

1. Selectx0 2 X andsetk := 1.

2. Set� k := p(xk−1).

3. Determineanelementxk of thesetf x 2 Rn :  ε(� k; x) < 0g. If suchanelementdoesnot exist,
thenreturn(� k; xk−1), elsesetk := k + 1 andreturnto Step2.

Observe, if  ε(� k; x) < 0, then (� k; x) �  ε(� k; x) < 0, andhencex belongsto X . As beforewe
arenow interestedin the difference� k+1 � � k with the sequenceof � k valuesgeneratedby Algorithm
3.2. Again,k0 denotesthetotal numberof iterationsspentin Algorithm 3.2beforemeetingthestopping
condition.

9 April 13, 2005



3.2 Unconstrained Case with Approximation 3 THE APPROXIMATION APPROACH

Lemma 3.3 Thesequence� k, k < k0 generatedby Algorithm3.2 is strictly decreasingandsatis�es

� k+1 � � k � ( (� k; xk))( min
i∈L(xk )

gi(xk))−1:

Proof. Redoingthelastpartof theproofof Lemma3.1leadsto

� k+1 � � k � (� (� k; xk))( min
i∈L(xk )

gi(xk))−1

andusingnow � (� k; xk) �  (� k; xk) yieldsthedesiredresult. �

In ordertogiveanupperboundontheerror� k � � ∗ wewill usethestrongdualitytheoremfor Lagrangean
duality. To apply this result,we needto imposesomewell known additionalpropertieson thefunctions
f i andgi.

Assumption3.1 Thefollowingconditionshold:

1. Thefunctionsf i : Rn ! R, i 2 I areconvex onRn andnonnegativeonX . Moreover, thefunctions
gi : Rn ! R, i 2 I areconcaveonRn andnonnegativeon X .

2. Thefunctionshj : Rn ! R, j 2 J are convex and there existssomex0 2 Rn such that � 0 :=
maxj∈J hj(x0) < 0.

If thefunctionsf i, i 2 I areconvex andgi, i 2 I areconcave, this doesnot necessarilyimply that the
ratio of thesetwo functionsis convex. Consequently, the generalizedfractionalprogrammingproblem
(P) is notnecessarilyaconvex optimizationproblem.

Introducingnow for every � 0 < � < 0 thenonemptyperturbedfeasibleregion

X (� ) := f x 2 Rn : hj(x) � �; j 2 J g

wede®nefor � 0 < � � 0 thefollowing perturbedoptimizationproblem

v(� ) := minx∈X(α) p(x):

By the de®nitionof v(� ), it is clearthat � ∗ = v(0) and0 � v(� ) � � ∗ for � 0 < � < 0. In the next
lemmawegivea lower boundon � ∗ � v(� ).

Lemma 3.4 If g∗ := inf x∈X gmin (x) > 0 andAssumption3.1holds,thenit followsthat

� ∗ � v(� ) �
� >
∗ (� )�

g∗

with � >
∗ (� ) theoptimalLagrangeanmultiplier associatedwith theconvex optimizationproblem

minx∈X(α) � (v(� ); x):

Proof. By thestrongduality theorem(cf.[8]) weobtainfor every � 0 < � < 0 that

� (v(� )) = minx∈X � (v(� ); x)

= maxµ≥0 minx∈Rn � (v(� ); x) + � >(h(x) � � ) + � >�:
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4 OBSERVATIONS FOR PERFORMANCE IMPROVEMENT

Thisshows applyingLemma2.2andusingagainthestrongduality theoremthat

� (v(� )) � minx∈Rn � (v(� ); x) + � >
∗ (� )(h(x) � � ) + � >

∗ (� )� (3.15)

= maxµ≥0 minx∈Rn � (v(� ); x) + � >(h(x) � � ) + � >
∗ (� )�

= minx∈X(α) � (v(� ); x) + � >
∗ (� )� = � >

∗ (� )�:

By relation(3.15)it follows for everyx 2 X thatthereexist somei 2 I satisfying

f i(x) � v(� )gi(x) � � >
∗ (� )�:

andthisshows thedesiredresult. �

UsingLemma3.4onecanshow thefollowing result.

Lemma 3.5 Let Assumption3.1 hold and assumeg∗ > 0 and 2� > � 0 with � := � � m+ p(� ). If the
algorithmstopsat iteration k0; thenthevectorxk0−1 belongsto X and

0 � � ∗ � � k0 �
2�� >

∗ (2�e )e + �
g∗

with � >
∗ (2�e ) theoptimalLagrangeanmultiplier associatedwith theconvex optimizationproblem

minx∈X(2κe) � (v(2�e ); x):

Proof. If thealgorithmstopsatiterationk0, thenclearlyxk0−1 belongstoX andsoweobtain0 � � ∗� � k0 .
Moreover, by the stoppingrule we know that  ε(� k0 ) � 0 and this implies for every x 2 Rn that
 ε(� k0 ; x) � 0. Applying now relation(3.4)and(3.13)yieldsfor everyx 2 Rn that

 (� k0 ; x) � � (3.16)

By relation(3.16)andusingthede®nitionof  (� k0 ; x) weobtainfor everyx 2 X (2�e ) that

� (� k0 ; x) =  (� k0 ; x) � �:

This impliesfor everyx 2 X (2� ) thatp(x) � � k0 � �g −1
∗ , andso,it follows that

v(2�e ) � � k0 � �g −1
∗ : (3.17)

Applying now Lemma3.4andrelation(3.17)yields

� ∗ � � k0 = � ∗ � v(2�e ) + v(2�e ) � � k0 � (2�� >
∗ (2�e )e + � )g−1

∗

andthisshows thedesiredinequality. �

Finally wenotefor theunconstrainedcasethatif additionallythefunctionsf i and� gi areconvex for all
i 2 I , thentheoptimizationproblem( �P ε

λ) is a smoothunconstrainedconvex optimizationproblemasa
directconsequenceof Assumption2.2andAssumption3.1.

4 Observations for PerformanceImpr ovement

Decisionmakers often face large size problemsand in many cases,the performanceof an algorithm
worsenswhenthesizeof theproblemincreases.So,improving theperformanceof analgorithmplaysan
importantrole for solvingrealproblems.In thissection,wepresentseveralobservationsthatmayleadto
aperformanceimprovementfor theapproximationapproachdiscussedin theprevioussection.
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4.1 Weaker Stopping Condition 4 OBSERVATIONS FOR PERFORMANCE IMPROVEMENT

4.1 Weaker StoppingCondition

Notice that in theconstrainedcaseof theproposedapproximationmethod,the stoppingrule, � ε(� k) �
0 in Step3 of Algorithm 3.1 canbe replacedby a weaker condition � ε(� k) � � 
 for some
 > 0.
Implementingthisobservationmayreducethenumberof iterations.However, in thiscasetheaccuracy of
theresultsmayalsodecrease.Thefollowing resultprovidesanupperboundonthenumberof subproblems
to besolvedandgivesanupperboundon thedifferencebetweentheoptimalobjective functionvalue,� ∗

andtheobjective functionvaluecomputedafterapplyingtheweaker stoppingcondition.

Lemma 4.1 Supposek0 := minf k : � ε(� k) � � 
 g, thenit followsthat

k0 �
(� 1 � � ∗)g∗



and� k0 � � ∗ �


 + � m(" )
g∗

Proof. By using� k � � ∗ for all k < k0 andrelation(3.9),it follows that

� ∗ � � 1 �
k0−1X

k=1

(� k+1 � � k) �
� 
 k0

g∗
:

Multiplying bothsidesby � 1 yieldsthe®rst part. Usingnow � ε(� k) � � 
 andLemma3.2 shows that
� ∗ � � k0 � (� 
 � � m(" ))( g∗)−1. Againmultiplying bothsidesby � 1 shows thesecondpart. �

A similarbut lessexciting discussioncanbegivenfor theunconstrainedcaseafterreplacingthestopping
rule, ε(� k) � 0 in Step3 of Algorithm 3.2,by theweakercondition ε(� k) � � 
 for some
 > 0. Here
westatetheresultwithout theproof.

Lemma 4.2 Supposek0 := minf k :  ε(� k) � � 
 g, thenit followsthat

k0 �
(� 1 � � ∗)g∗



and� k0 � � ∗ �

� (2�� >
∗ (2�e )e + � )

g∗
:

4.2 Normalization

In orderto improve therateof convergence,Crouz�eix et. al. proposedto replaceproblem(Pλ) at iteration
k by

min
x∈X

max
i∈I

�
f i(x) � �g i(x)

gi(xk−1)

�
: (4.1)

Crouz�eix et. al. have shown thattherateof convergencebecomesat leastlinearwith theabove modi®ca-
tion andthey have provedthatwhenever thesequencef xkg is convergent,theconvergenceis superlinear
[14]. Following our previous results,one way to explain the intuition behindthe normalizationis as
follows. Introducefor every i 2 I thefunctions �� i : R2n+1 ! R givenby

�� i(�; x; y) :=
f i(x) � �g i(x)

gi(y)

andthefunction �� : R2n+1 ! R de®nedby

�� (�; x; y) := max
i∈I

�� i(�; x; y):

Theparametricoptimizationproblemassociatedwith theabove functionis now givenby

�� (�; y) := min
x∈X

�� (�; x; y):
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4.3 Additional Remarks 4 OBSERVATIONS FOR PERFORMANCE IMPROVEMENT

Moreover, to de®netheapproximationlet

�� ε(�; x; y) := " � m(
�� 1(�; x; y)

"
; � � � ;

�� m(�; x; y)
"

)

andconsidertheapproximatedparametricoptimizationproblem

�� ε(�; y) = min
x∈X

�� ε(�; x; y):

Theconstrainedalgorithmwith normalizationaswell asapproximationis now givenin Algorithm 4.1.

Algorithm 4.1ConstrainedCasewith NormalizationandApproximation

1. Selectx0 2 X andsetk := 1.

2. Set� k := p(xk−1).

3. Determineanelementxk of thesetf x 2 X : �� ε(� k; x; xk−1) < 0g. If suchanelementdoesnot
exist, thenreturn(� k; xk−1), elsesetk := k + 1 andreturnto Step2.

Beforediscussingtheboundson the improvement� k+1 � � k for this algorithm,we introducethe fol-
lowing setvaluedmapping�S : R � X � X � R givenby

�S(�; x; y) := f i 2 I : �� i(�; x; y) = �� (�; x; y)g:

Lemma 4.3 SupposeAlgorithm4.1 stopsat iteration k0. Thesequence� k, k < k0 generatedby Algo-
rithm 4.1 is strictly decreasingandsatis�es

�� (� k; xk; xk−1) min
i∈ �S

gi(xk−1)
gi(xk)

� � k+1 � � k � �� (� k; xk; xk−1) max
i∈L(xk )

gi(xk−1)
gi(xk)

where �S := �S(� k; xk; xk−1).

Proof. A straightforwardmodi®cationof theproofof Lemma3.1. �

Usingsimilardiscussionsasin Lemma3.2andLemma4.1,wecanalsogive resultsregardingthediffer-
ence� ∗ � � k0 andthenumberof iterationsrequiredto satisfy �� (� k; xk; xk−1) > � 
 . Noticethatif xk is
closeto xk−1, thenthevalueof maxi∈L(xk )(gi(xk−1)=gi(xk)) is approximatelyequalto 1. Therefore,in
certaininstanceswe expectthattheconvergenceof theproposedmethodwill improve considerably. Our
numericalexperimentsin Section5 supportsthisobservation.

4.3 Additional Remarks

The membershipproblemsin Step3 of Algorithm 3.1 andAlgorithm 3.2 areusually solved by refor-
mulating themasoptimizationproblems. As we have discussedbefore,the optimal solutionsof these
optimizationproblemsdonotnecessarilyyield a � k valuethatis closerto � ∗ thana� k valuecomputedby
a point thatsatis®estheconditionin Step3 (seeExample2.1). Therefore,at any iterationif thesolution
methodfor theoptimizationproblems®ndsa point thatsatis®estheconditionin Step3, thenthesolution
methodcanbeterminatedandthealgorithmcanmoveto thenext iteration.Solvingtheoptimizationprob-
lemsin Step3 constitutesthe majorcomputationalburdenof Algorithm 3.1 andAlgorithm 3.2. In this
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5 NUMERICAL RESULTS

regard,terminatingthesolutionmethodsbefore®ndingtheoptimalsolutionmaysavesomecomputational
effort.

An importantadvantageof Algorithm 3.2over Algorithm 3.1 is thatat eachiterationoneneedsto solve
anunconstrainedmembershipproblemratherthana constrainedmembershipproblem.Usually, solving
unconstrainedproblemsis easierthansolving the constrainedcounterparts.However, in Algorithm 3.2
theconstraintsarealsoincorporatedinto theproblemandonly anapproximatedfunction is used.Thus,
thesolutionof theunconstrainedproblemmaybeaninfeasiblepointof theoriginalproblem.Ontheother
hand,thesolutionof theconstrainedmembershipproblemin Algorithm 3.1 is alwaysfeasible.In order
to balancethetrade-off betweenthespeedandfeasibility, atearlyiterationsonecanstartwith solvingthe
unconstrainedproblemsandthenswitchto solvingtheconstrainedproblems.

Recallthatin Lemma3.1andLemma3.3,thedifferencesbetween� k+1 and� k aregivenby

� k � � k+1 �
� � (� k; x)

mini∈L(xk ) gi(xk)
(4.2)

and

� k � � k+1 �
�  (� k; xk)

mini∈L(xk ) gi(xk)
; (4.3)

respectively. Therefore,for fasterconvergence,onemayconsiderto increasethesedifferencesasmuchas
possible.In thiscaseit seemsreasonableto solve, in theconstrainedcase,theoptimizationproblem,

max
x∈X

� � (� k; x)
mini∈L(x) gi(x)

(4.4)

andin theunconstrainedcase,thefollowing problemshouldbesolved

max
x∈X

�  (� k; x)
mini∈L(x) gi(x)

: (4.5)

Althoughthismaybeaneffectivewayof speedingupthealgorithms,it maynotbeeasyto solveproblems
(4.4)and(4.5),unlessthereexistsaspecialstructure.

5 Numerical Results

We have programmedAlgorithm 3.1 andAlgorithm 3.2 with MATLAB 6.5. The entropy-type function
givenin Example3.1andtherecursive functiongivenin Example3.2areusedfor approximatingthemax
function.In orderto implementtherecursion,wehaveusedthefollowing two dimensionalapproximation
function

� 2(y) =

p
(y1 � y2)2 + 1 + y1 + y2

2
;

which leadsto thefollowing approximationfunction

" � 2(
y
"

) =

p
(y1 � y2)2 + "2 + y1 + y2

2
: (5.1)

Theright handsideof theequation(5.1)is alsoknown asChen-Harker-Kanzow-Smalefunctionandit has
beenusedfrequentlyasastablealternative for approximatingthetwo dimensionalmax function[10].

Noticethatanover�ow easilyoccurswhentheexponentialfunctionin Example3.1 is computedwith a
very largeargument.A well-known techniqueto handlesomecasesof this potentialproblemis introduc-
ing aconstantz � maxf y1; � � � ; ysg andthencomputing

" � s(
y
"

) = " log

 
sX

i=1

e
y i � z

"

!

+ z: (5.2)
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5 NUMERICAL RESULTS

In ourexperimentswehave alsousedthis technique.

In Step3 of both algorithms,we have formulatedthe membershipproblemsasregular nonlinearopti-
mizationproblems.To solve thesenonlinearprograms,wehaveusedthestandardconstrainedanduncon-
strainedMATLAB solvers. The MATLAB functionscorrespondingto thesesolversarecalledfmincon
andfminunc, respectively.

To testtheapproximationapproachandverify our observationson performanceimprovement,we have
compileddifferent test problemsfrom the literature. In the subsequenttables,the columns(or rows)
entitledEntropyandRecursivedenotetheresultswith theentropy-typefunctionandtherecursivefunction,
respectively. In all testproblemstheparameter" is setto 1:0e� 5 andtheabsolutevaluefunctionu ! juj
is replacedwith u ! maxf u; � ug.

First, we test both approximationfunctionswhen they are usedin Algorithm 3.1. To do this, a set
of problemsarerandomlygeneratedassuggestedby Barroset. al. [6]. The ratios in theseproblems
consistof quadraticfunctionsin thenumerators,f i(x) := 1

2xT H ix + aT
i x + bi andlinearfunctionsin the

denominators,gi(x) := cT
i x + di. Theparametersof thesefunctionsaregeneratedasfollows:

� The HessiansH i aregiven by H i := L iUiLT
i whereL i areunit lower triangularmatriceswith

componentsuniformly distributedwithin [� 2:5; 2:5] andUi arepositive diagonalmatriceswith the
componentsuniformly distributedwithin [0:1; 1:6]. In orderto generateapositive de®niteHessian,
the®rst elementof thematrix is setto zero.

� The componentsof the vectorsai and ci are uniformly distributed within [� 15; 45] and [0; 10],
respectively.

� Similarly, theincrementsbi anddi areuniformly distributedwithin [� 30; 0] and[1; 5], respectively.

Moreover, thefollowing feasiblesetis usedfor all thetestproblems:

X = f x 2 Rn j
nX

j=1

xj � 1; 0 � xj � 1; j = 1; � � � ; ng:

Finally, thecomponentsof initial feasiblepoint,x0 areuniformly distributedwithin [0; 1
n ].

Table1 illustratestheperformanceof Algorithm 3.1 with bothapproximationfunctions.Thethird and
®fth columnsgive thenumberof iterationsrequiredto solve theproblemswith theentropy-typefunction
andtherecursive function,respectively. Thecolumnsfour andsix show theCPUtimesin secondswith the
respective approximationfunctions. We have not reportedthesolutions� k becausewith both functions
all theproblemsaresolvedsuccessfullyto optimality. Althoughtheproblemsarerandomlygenerated,a
roughcomparisonwith theresultsreportedin [6] shows that in generalour methodrequireslessnumber
of iterationsthantheirs.

Whenwecomparetheapproximationfunctions,thereis noclearevidencesuggestingthatonefunctionis
betterthantheotherone.In someproblemsusingentropy-typefunctionleadsto lessnumberof iterations
thantherecursive function.In otherproblemsusingrecursive functiondecreasesthenumberof iterations.
However, dueto the recursion,thesolutionwith the recursive approximationfunction takeslongertime
than the entropy-type function. We note that the computationtime with the recursive approximation
functioncanbereducedaftertherecursive schemeis implementedasasequentialalgorithm.
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Table1: Thecomparisonof thetwo approximationfunctionsfor therandomlygeneratedproblems
Entropy Recursive

n m No of Iter. CPUTime(sec.) No of Iter. CPUTime(sec.)
5 5 2 0.453 2 0.36

10 5 9 1.656 9 7.687
15 5 6 1.875 5 5.984
20 5 13 4.5 13 19.594
5 10 4 1.438 4 9

10 10 4 1.953 4 11.219
15 10 9 6.578 7 38.125
20 10 4 1.844 4 13.891
5 15 8 2.781 8 18.578

10 15 9 5.297 9 27.11
15 15 8 6.141 8 30.243
20 15 7 8.5 7 36.938
5 20 4 2.453 4 17.328

10 20 20 21.5 21 227.187
15 20 12 22.766 13 243.141
20 20 6 7.875 6 57.844

Next wewantto compareAlgorithm 3.1(constrainedcase)andAlgorithm 3.2(unconstrainedcase).For
thiscomparison,we have usedthefollowing problemsgivenin [20].

Problem5.1

min
x∈X

max
�

4x3
1 + 11x2

16x1 + 4x2
;
4x2

1 � x1

3x1 + x2
; 0

�
(5.3)

where

X = f x 2 R2 : x1 + x2 � 1; 2x1 + x2 � 4; x1; x2 � 0g (5.4)

andthe initial feasiblepoint is selectedto bex0 = (1; 1)T . Thedenominatorof thezero functionin the

objectiveis takenas1.

Problem5.2

min
x∈X

max
� �

�
�
�
3x1 � 2x2

4x1 + x2

�
�
�
� ;

�
�
�
�

x1

3x1 + x2

�
�
�
�

�
(5.5)

where

X = f x 2 R2 : x1 + x2 � 1; 2x1 + x2 � 4; x1; x2 � 0g; (5.6)

andtheinitial feasiblepoint is selectedto bex0 = (1; 1)T .

Problem5.3

min
x∈X

max
i=0 ,··· ,8

�
�
�
�
84x1 + 8i 3x2 � i4x3 � 83ix 4

84x4 + 8i 3x3

�
�
�
� (5.7)

where

X = f x 2 R4 : � 1000� x1; x2 � 1000; 1 �
i3x3 + 83x4

83 � 1000; i = 0; � � � ; 8g; (5.8)

andtheinitial feasiblepoint is selectedto bex0 = (0:5; 0; 0; 1)T .
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Table2 shows theresultswith Algorithm 3.1 (constrainedcase).The®rst columndenotestheexample
number. The third columngivesthenumberof iterationsrequiredto ®nd the®nal valueof �k reported
in columnfour. Thecolumn®ve shows theCPUtimesin seconds.Theoptimalobjective functionvalues
reportedin [20] aregivenin thelastcolumn.

Whenweanalyzethe®guresin thetable,weseethatall theproblemsaresuccessfullysolvedwith Algo-
rithm 3.1. In Problem5.1,we have obtaineda bettervaluethanthevaluereportedin [20] at theexpense
of moreiterations.As discussedbefore,althoughthenumberof iterationsspentfor bothapproximation
functionsarecomparable,theimplementationof thealgorithmwith therecursive approximationfunction
requiressubstantiallymoretime thantheimplementationwith theentropy-typeapproximationfunction.

Table2: Theresultsfor problems5.1,5.2and5.3with Algorithm 3.1(constrainedcase)
No of Iter. � k CPUTime(sec.) � k in [20]

Pr. 5.1
Entropy 24 0.43249 2.313

0.49615Recursive 25 0.43249 5.61

Pr. 5.2
Entropy 6 0.19615 0.89

0.1962Recursive 7 0.19615 1.75

Pr. 5.3
Entropy 82 0.07418 76.68

0.07418Recursive 82 0.07418 302.188

Table3 gives the resultswith Algorithm 3.2 (unconstrainedcase). The layout of the table is sameas
in Table2. The®guresin the fourth columnshow that theprecisionof theresultswith Algorithm 3.2 is
worsethantheresultswith Algorithm 3.1. Particularlyfor Problem5.3,theentropy-typefunctioncauses
numericalinstability, andhence,no solutionis found. Therecursive functionon theotherhand,is stable
but theresultis notcloseenoughto theoptimalvalue.As thenumberof constraintsincreases,theresulting
auxiliary problemsin theunconstrainedcasebecomemoredif®cult. Nonetheless,it is interestingto note
thatin Problem5.1,thenumberof iterationswith theentropy-typefunctionshasincreased.

Table3: Theresultsfor problems5.1,5.2and5.3with Algorithm 3.2(unconstrainedcase)
No of Iter. � k CPUTime(sec.) � k in [20]

Pr. 5.1
Entropy 59 0.4325 32.437

0.49615Recursive 3 0.4665 23.547

Pr. 5.2
Entropy 6 0.1962 3.343

0.1962Recursive 7 0.1962 8.891

Pr. 5.3
Entropy - - -

0.07418Recursive 40 0.129 128.281

Thenumericalresultsupto thispointhaveshown thatbothentropy-typefunctionandrecursive function
performwell whenthey areusedin Algorithm 3.1(constrainedcase).Ontheotherhand,theresultsfound
with Algorithm 3.2 (unconstrainedcase)areinferior to theresultsfoundwith Algorithm 3.1. Therefore,
wewill useonly Algorithm 3.1with bothapproximationfunctionsin theremainingexperiments.

The resultsreportedin Table 2 have shown that solving the problemswith approximationfunctions
requiremoreiterationsthanthemethodssuggestedin the literature[20]. Therefore,we have decidedto
usethesamesetof problemsin orderto validateourobservationsfor performanceimprovement.

Table4 givestheresultswith Algorithm 3.1 afterwe implementseveralperformanceimprovementob-
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servations.The®rst andsecondcolumnsgive theproblemnumbersandapproximationfunctions,respec-
tively. Theacronym “Reg.” in thethird columnstandsfor regular andthesolutionsin thecorresponding
row arefoundby Algorithm 3.1withoutimplementingany performanceimprovementobservations.These
solutionsaresameasin Table2. Theacronym “Weak.” denotesthatin thecorrespondingrow the®gures
arefoundby implementingtheobservationabouta weaker stoppingconditionasdiscussedin Section4.
In this case,the parameter
 is setto 1:0e � 2. Similarly, the resultsin the row “Norm.” arefound by
implementingthe normalizationobservation (Algorithm 4.1). The fourth columnshows the numberof
iterationsrequiredto ®nd � k given in thesixth column.The®fth columnshows thevalueof � ε afterthe
algorithmterminates.Thelasttwo columnsgivetheCPUtimesin secondsandtheoptimalvaluesreported
in [20], respectively.

Whenwe analyzethe ®guresin Table5, we seethat usinga weaker stoppingconditiondecreasesthe
numberof iterations. Moreover, the accuracy of the resultsare slightly affectedby this modi®cation.
On theotherhand,implementingtheobservationaboutnormalizationdecreasesthenumberof iterations
drasticallyand,asexpected,without sacri®cingthequalityof thesolutions.

Table4: Theresultsfor problems5.1,5.2and5.3with Algorithm 3.1afterperformanceimprovements
No of Iter. � ε(� k; xk) � k CPUTime(sec.) � k in [20]

Entropy Reg. 24 0 0.4325 2.313
Weak. 11 0.0069 0.434 1.235

Pr. 5.1
Norm. 3 0 0.4325 0.282

0.49615Recursive Reg. 25 0 0.4325 5.61
Weak. 12 0.0084 0.4344 3.172
Norm. 3 0 0.4325 0.594

Entropy Reg. 6 0 0.1962 0.89
Weak. 3 0.0059 0.1973 0.531

Pr. 5.2
Norm. 3 0 0.1962 0.375

0.1962Recursive Reg. 7 0 0.1962 1.75
Weak. 3 0.0059 0.1973 1.062
Norm. 3 0 0.1962 0.875

Entropy Reg. 82 0 0.07418 76.68
Weak. 62 0.0089 0.07418 65.828

Pr. 5.3
Norm. 10 0 0.07418 6.063

0.07418Recursive Reg. 82 0 0.07418 302.188
Weak. 62 0.0083 0.07418 119.906
Norm. 9 0 0.07418 93.0

6 Conclusion

We have shown that generalizedfractionalprogrammingproblemscanbe solved ef®ciently by apply-
ing a smoothingapproximationapproachwithin typical Dinkelbach-typemethods.Moreover, we have
discussedseveral observationsthat canbe usedfor improving the performanceof the algorithms. The
approximationapproachyieldsnear-optimalsolutions,but fortunatelytheclosenessof thesolutionto the
actualoptimalsolutioncanbecontrolledby a predeterminedparameter. In this respect,throughdecision
makers' interactiontheanalystcancopewith thetrade-off betweenef®ciency andprecision.Ournumeri-
cal resultshave alsosupportedthattheproposedapproachis indeedeffective for solvingGFPproblems.
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