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ABSTRACT. The presentpaperproposes new approachto solve generalizedractionalprogram-
ming problemswith approximation.Capitalizingon two alternatves,we review the Dinkelbach-type
methodsand setforth the main dif culty in applyingthesemethods.In orderto copewith this dif-
culty , we proposean approximationapproachthat canbe controlledby a predeterminegharameter
The proposedapproachs promisingparticularlywhenit is acceptabléo nd an effective, but near
optimalvaluein anef cient manner Oncethe approximationparameteis x ed, our analysisshavs
how goodis the valuefound by the approximation.In addition,we presentereral obsenationsthat
may be suitablefor improving the performanceof the proposedapproach. Finally, we supportour
discussiorthroughnumericalexperiments.

Keywords. Generalizedractionalprogrammingapproximatiorapproachnearoptimal solution, per
formancemprovementbsenations

1 Intr oduction

Decisionmalersin differentapplicationareasiemanceffective andeasy-to-ussolutionmethoddor their
optimizationproblems.In mary circumstanceshey arereadyto welcomea newv approacteventhough
this approachmay yield a value close-enouglto the actual(or theoretical)optimal value. Oneway of
satisfyingthis demands incorporatingapproximatiorapproachegto well-knowvn solutionmethods.To
our advantagethe precisionof anapproximatiorapproachdepend®on prede®negarametersTherefore
throughanapproximatiorparameterthetrade-of betweerthequality of theresultsandthesimpli®cation
of the problemcanbecontrolled.

In this paper we focuson solving a generalizedractionalprogramming(GFP) problemby an approx-
imation approach.GFP problemsarisein mary real-life applications.One early exampledatesbackto
the time of von Neumannwhen he usedGFP in modelingan expandingeconomy[28]. Anotherim-
portantapplicationis within the ®eld of multi-objective programming.In this case the main goalis to
minimize the maximumdeviation of the fractional objectives, like input-outputratios, from their target
values[20, 26, 25, 24]. Also in numericalanalysis GFPmethodsareusedfor solvingrationalChebyshe
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2 GENERALIZED FRACTIONAL PROGRAMMING AND THE DINKELBACH METHOD

approximation$2, 11, 21, 19]. Someotherapplicationsf fractionalprogramminghave beengivenin the
literature;se€[17].

To study the theoreticalpropertiesof GFP problems,researchersnadeuseof the tools from duality
theory nonlinearprogrammingandnumericalanalysis.Naturally the studyof the theoreticalproperties
led to the developmenibf varioussolutionmethodq13, 14,12, 6, 5, 3, 20, 22, 27]. Themajority of these
methodsarethe variationsof the approactsuggestedh the pioneeringwork of Crouzix et. al. [13]. In
theliterature thesemethodsarealsoknown asDinkelbach-typemethodg15]. Althoughnotimmediately
clear it canbeshavn thatDinkelbach-typanethodsareactuallycuttingplanemethod44]. Thesemethods
arebasedon the ideaof solving a sequencef auxiliary problemsso that the solutionsof the auxiliary
problemscornvergeto the solutionof the GFPproblem.Thesemethodsarevery powerful. However, their
performancebeaily dependntheeffective solutionsof theauxiliary problems.In generatheauxiliary
problemsarenonsmoothandnonlinear Therefore they might posea major dif®culty in solvingthe GFP
problemseffectively andeasily In arecentreview by Frenkand Schaible the theoreticalpropertiesof
fractionalprogrammingproblemsareextensvely studied[18].

Themainideaof this papeiis replacingthedif®cult auxiliary problemsn Dinkelbach-typanethodswith
relatvely simpleapproximations Approximationsof thesesortyield "-optimal (close-enoughyaluesto
the auxiliary problems. Consequentlywe will analyzethe error committedby replacingthe auxiliary
problemswith their approximatedcounterparts Especiallyfor large size problems the taskof speeding
up the algorithmsplaysanimportantrole. Thereforewe will alsoproposeseveral approacheghat may
leadto a performanceamprovement. During our analysis,we will work with a genericapproximation
functionsincethe choiceof theapproximatiorfunctiondoesnotalterour results.In orderto illustrateour
idea,we will thengive two particularapproximationapproacheghatwill be alsousedin the numerical
resultssection.Overall, this paperaimsat providing a usefulreferencdor a decisionmaker who agrees
to solve a GFPproblemeffectively atthe costof ®ndinginexactbut controlledsolutions.

2 GeneralizedFractional Programming and the Dinkelbach Method

In this sectiorwe give anoverviev on generalizedractionalprogrammingandthemostcommonsolution
approachnamely the Dinkelbachmethod. Before proceedingto our subsequenanalysis,let us ®rst
introducethe generalizedractionalprogrammingproblem

fi(x)

*:= inf max P
weX iel  gi(X) )
whereX  R"™isthefeasibleregion,| = f1;2; ;mgis a®niteindex setandforalli 2 |,f; : R™ !

R andg; : R®! R aretheproblemfunctions.In addition,if we de®nethefunctionp: X ! (1 ;1]

by
fi(x)

= ; 2.1
p(x) := max 00 (2.1)
thentheoptimizationproblem(P) canbewritten as
= ;2& p(x): (2.2)
In the sequelve denotethe optimalsolutionof problem(P) by x *.
Introducingnow thefunctionsgmin : R™! R by
Gmin (X) 1= i g;(x); (2:3)

it is necessaryo imposethefollowing assumptiorto avoid pathologicainstance®f problem(P).
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2 GENERALIZED FRACTIONAL PROGRAMMING AND THE DINKELBACH METHOD

Assumption2.1 gmin (X) > Ofor everyx 2 X.

The mainideaof the Dinkelbachmethodis to provide a solutionto the dif®cult optimizationproblem
(P) by solvingasequencef relatively simpleparameterizegroblems.In this overvien sectionwe focus
on two main Dinkelbach-typeapproachesThe ®rst approachs basedon solving constrainedsubprob-
lems,whereashesecondapproactaimsatreformulatingtheparameterizedubproblemssunconstrained
nonlinearoptimizationproblems.

We startwith the ®rst approactby de®ningfor everyi 2 |, thefunctions; : R**1 | R givenby

i(x) = fix)  gix) (2.4)
andfor every ( ; x) 2 R™*1, thefunction
(; x):==max ;(; x): (2.5)
el

Thisleadsto the associategharametricconstained optimizationproblem

():=inf (;x): Py)

reX

After minor modi®cationsof the proofsin [13], onecanshawv the following importantresults(seealso
[18)).

Lemma2.1 () Oifandonlyif 1 < *.

Lemma 2.2 Thefollowing conditionsare equivalent:
1. Theoptimizationproblem(P) hasan optimalsolution.
2. ThesetV de nedby
V:=f 2 R: Problem(P,) hasanoptimalsolutionand ( ) = Og

is nonempty

3. ThesetV isasingletonwithV = f *g.

We now discusgheunconstrainedpproachln this casethefeasibleregion X is givenby

X =fx2R":hj(x) 0 2Jg; (2.6)
whereJ = f1,2, ;pgisa®niteindex setandforallj 2 J, h; : R* ! R arereal-\aluedfunctions
with h(x) = (hy(x); ;h,(x))T. Clearly this form of the feasiblesetis a commonlyusedform for

numericalpurposes.

In additionto Assumption2.1, we alsoassumeor the unconstraine@pproactthatthefollowing condi-
tion holds.

Assumption2.2 Thefunctionx ! h;(x),j 2 J are corvex andthesetX hasa nonemptynterior, i.e.,
there existsomex 2 R™ sud thatmax;c; h;(xo) < O.
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2 GENERALIZED FRACTIONAL PROGRAMMING AND THE DINKELBACH METHOD

As before we startby introducingthe parametridunction ; : R**! | R givenby

(x= T ga(x); fori 2]

hy(X): fori 2 J 2.7)
andconsiderfor (; x) 2 R™*!, thefunction
D X) = (; 2.
( x):= max i(; x) (2.8)
with the parametriaunconstained optimizationproblem
()= inf (;x): (P»)

zeRN
It is shavnin [27, 1] thatthe following versionsof the previoustwo lemmashold.

Lemma2.3 () Oifandonlyif 1 < *,

Lemma 2.4 Thefollowing conditionsare equivalent:

1. Theoptimizationproblem(P) hasan optimalsolution.

2. ThesetW de nedhby

W :=f 2 R: Problem(P,) hasanoptimalsolutionand ( ) = Og
is nonempty
3. ThesetW isasingletonwithW = f *g.
Using the above results,we candiscusshe computationaproceduregor both constrainecanduncon-
strainedcasesIn orderto applythe Dinkelbach-typeapproackcorrespondingo the constrainedtase we

alwaysassumehatproblem(P) andproblems(P,) for * aresolvable. The generalschemeof the
constrainedasehasnow theform givenin Algorithm 2.1.

Algorithm 2.1 ConstrainedCase
1. Selectxg 2 X andsetk := 1.

2. Set = p(Xp—1).

3. Determinean elementx;, of thesetfx 2 X : ( g;x) < 0g. If suchanelementdoesnot exist,
thenreturn( ;;Xi_1), elsesetk := k + 1 andreturnto Step2.

As in the constrainecdtase we assumehat problem(P) and problems(P,) for * aresolvable.
Obsere, if ( x;Xx) < 0, thenit follows automaticallythath;(x;) < O for everyj 2 J, andhence,
X, 2 X. Thealgorithmfor the unconstrainedinkelbach-typeapproachhasnow the form givenin
Algorithm 2.2.
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Figurel: Two successk iterationsof Algorithm 2.1.

Algorithm 2.2UnconstrainedCase
1. Selectxg 2 X andsetk := 1.

2. Set = p(Xp—1).

3. Determinean elementx,, of thesetfx 2 R™ : ( x;x) < 0g. If suchanelementdoesnot exist,
thenreturn( ;Xg_1), elsesetk := k + 1 andreturnto Step2.

The geometricainterpretationof Algorithm 2.1is illustratedin Figurel. Clearly for ary x; 2 fx 2
X : (;x)<O0gwehave () (: xz). Henceatthek®” iterationof Algorithm 2.1, the noncowex
function is approximatedrom above by the polyhedralcornvex function ! (; Xg). As adirect
consequencef Lemmaz2.2, our main goal is to compute thatsatis®es ( ) = 0. Insteadof this
ambitiousgoal,we solve the approximatingequation (; x) = 0, whichleadsto

~ max fi(Xx)
el Qi(Xg)

Notice that this solutionis indeedthe next iterationin Algorithm 2.1 (Step2). A similar interpretation
canbegivenfor Algorithm 2.2, wherethe function is approximatedy the polyhedralconvex function
Loo( Xp).

In Step3 of both algorithmswe suggesto solve membershigoroblemsinsteadof solving the opti-
mizationproblems(P,) and(P,). Thereasorfor this suggestions given by the following obseration.
Considettheconstrainedpproachandsupposetiterationk we computethe optimalsolutionx ;. of prob-
lem (P, ) andat the sametime we choosea differentvectorx, satisfying ( x;xx) < 0. It might now
happerthatthevalue ., = p(X;) is closerto * thanthevalue ..; dervedfrom x;. An instance
shawing this behaior is givenin Example2.1.

(2.9)

Example 2.1 Supposevewantto solve

Y= inf maxf xX+1 1&+2 3 2
" 2€0,2] X+ 2 Ax+ 1 1ex+ 37
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3 THEAPPROXIMATION APPROACH

Letxo = 1then 1 = p(Xo) = 0:5263 Noticethat problem(P,,) canbe solvedby a standad linear
programmingsolver After solvingproblem(P,,), we nd the optimal solutionx; = 0:3295with the
objectivefunctionvalue ( 1;x3j) = 1:4468 Atthenextiteration, weneedto compute 5 := p(xi) =
0:1228 Ontheotherhand,insteadof the optimalsolution,if weselectx; = 0:30yielding ( 1;X1) =
1:2368 thenthecorrespondingralueof atthenextiterationbecomes » := p(x;) = 0:141Q which
is lessthan 3.

This suggestghat investingtime in solving problem (P,) to optimality might not always be the best
stratgy. Ontheotherhand,to determinenvhetherthereexistsanelementof thesetfx 2 X : ( ;;X) <
Og or decidewhetherthis setis empty it is mostnaturalto solve problem(P,, ), andso x;, becomes
a natural candidate. This obsenation may also becomeuseful when&er the optimizationroutine for
solving the auxiliary problemsrequiresa considerableeffort. In this case,one may stopassoonasthe
optimizationroutine ®nds a feasible,but not necessarilyoptimal, point x that solves the membership
problem.As Lemma2.1andLemma2.3 shav, from a practicalpoint of view, we only needa decreasing
sequencef ; values.

3 The Approximation Approach

Noticethatin both Algorithm 2.1andAlgorithm 2.2,themembershiproblemsat Step3 canbesolvedby
reformulatingthe problemsas nonlinearoptimizationproblems,i.e., one needsto solve (approximately
seeExample2.1),in theconstrainedasethe auxiliary optimizationproblem

minmaxffi(x) gi(x); fa(x)  gm(x)g (3.1)
S
andin theunconstrainedase theproblem

minmaxffi(x)  g1(x)i ifm(x) gm()ihi(x); ihy(X)g: (3.2)
Although the max functionis a corvex increasingfunction, unfortunatelyit is nonsmooth. Therefore,
we still encountea nonsmoottobjective functionin the auxiliary optimizationproblems.Onepromising
solutionto this obstacleis to approximatethe max function by a smoothalternatve. Considermnow a
smoothcornvex andincreasingunction :R*! R thatsatis®es

im ()= maxtys  iv.g (3.3)

and y
0 " «(F) maxfy; iy s(") (3.4)

for everyy 2 R*. As adirectconsequencef theabove two relations the functiony ! s(%) becomes
a goodcandidatdor approximatinghe nonsmoottobjective functionsof the auxiliary problems.Let us
now give two examplesthatwill alsobeusedin the numericalresultssection.

Example 3.1 It is easyto ched thatthe entopy-typefunction
|
X

s(y) = log e

=1

is corvex, differentiableand increasing[16]. Moreover, it satis esrelation (3.3) andrelation (3.4) with
s(") = "logs[7].
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3.1 Constrained Case with Approximation 3 THE APPROXIMATION APPROACH

Example 3.2 In someproblems entiopy-typefunctionin Example3.1 maycreateover ow problemsbe-
causeof the exponentialfunction. RecentlyBirbil et. al. proposeda more stableapproximationmethod
that aimsat extendingtwo dimensionabpptoximationfunctionsto higher dimensiongy recusion [9].
Themainideaof themethods basedonthe observatiorthatthehigherdimensionamax functioncanbe
writtenrecussivelyasfollows

maxfyi;  ;ys0= maxfmaxfyi; ;y,g;maxfygi;  ;Ys00;

whee 1 < g < s. Following this observationthe methodproposedby Birbil et. al. providesa twice
differentiable corvex increasingfunction  that satis esrelation (3.3). In this case the error termin
(3.4)isgivenby (") = 5(logy(s 1)+ 1) 2(0), whee »: R?! R isthebasefunctionthatis used
for approximatingthetwo dimensionamax function,i.e., lim. 0" 2(y=") = maxfyi;y.g.

3.1 Constrained Casewith Approximation

We ®rst startwith the constraineadtaseof the Dinkelbach-typanethod.Given" > 0, de®nethefunction
R X! Rby

e B0 61000 100 909 )

Hence jinsteadof problem(3.1), we canconsiderthe smoothoptimizationproblem
()= min - o(; x): (P)

To derive thedifferencen the optimal objective functionvaluesbetweeroptimizationproblemgP ) and
(P5) we obsere by relation(3.4)andx( ) belongingto argmin,cx .(; X) that

) () GxC)  GxC) o w(): (3.6)
By the samerelation,we alsoobtainthat .(; X) (; x) foreveryx 2 X and 2 R andthisshawvs
) () (3.7

forevery 2 R. Henceit follows by relations(3.6) and(3.7) that
0 () () w® (3.8)

forevery 2 R. Thereforeattheexpenseof somelimited error, we considerthefollowing appoximated
Dinkelbach-typanethod.

Algorithm 3.1 ConstrainedCasewith Approximation
1. Selectxg 2 X andsetk := 1.

2. Set ;= p(Xg_1)-

3. Determinean elementx;, of thesetfx 2 X : .( x;x) < 0Og. If suchanelementdoesnot exist,
thenreturn( ;Xg_1), elsesetk := k + 1 andreturnto Step2.

Beforediscussinghe propertiesof Algorithm 3.1, we ®rstintroducethe nonemptyset-valuedmappings
S:R X | andL : X | givenby

SG;x):=fizl: i(;x)= (;x)4g
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and

fi(x)
9i(X)
It is now easyto derive the following upperand lower boundson the difference ;11 i for every
k < ko, with kg 1 beingthe total numberof iterationsspentin Algorithm 3.1 beforemeetingthe
stoppingcondition.

L(x):=fi2l: = p(x)g:

Lemma 3.1 Thesequence i, k < kg geneatedby Algorithm3.1is strictly deceasingandsatis es

( % Xk) (% Xk)
MaX;e s ) 9i(Xk) MiN;c 7,(2,) 9i(Xx)

Proof For every k < kg we know by relation(3.4) and (3.5) that ( x;Xx) ( g Xg) < 0, and
since ( r+1;Xk) = 0and ! (; x;) isstrictly decreasingthisyields ;+1 < . Wenow verify the
aboveinequalities By thede®nitionof .1, it followsfor everyi* belongingto arg max;c s, z,) 9i(Xx)

satisfyingg; (Xx) = MaXies(x,,z) %(Xx) that

- fi (Xk) k9 (Xi) _ ( ki Xk)
+ - .
9 (Xz) MaX;es(n ) 9i(Xk)

Also for every i, belongingto argmin,cy,,,) 9:(Xx) satisfyingg; (Xx) = min;cr ) 8i(Xx), we obtain
by usingagainthe de®nitionof ., that

ot _ i (xe) kG (Xe) (ki Xk)
+ —_— . Ll
9 (X&) MiN;cr,(a) 9i(Xk)
andthis completeghe proof.
If atthe kth stepof Algorithm 3.1, we obsere that .( ;Xz) for some < 0, andit holdsthat

g* := max,cx max;ey g;(x) < 1, thenit follows by Lemma3.1andrelation(3.4)that

(1 Xg)
+ . — 3.9
S MiNcr(z) 9i(Xk) O (3:9)

Hencein this case the improvementin the objective functionvalueis atleast =g*, andin mostcases
it canbe expectedthatthis is a conserative bound. In additionto the numberof iterations,we arealso

interestedn the quality of the solutiongeneratedby Algorithm 3.1. This meanghatonelikesto derive

an upperboundon the difference * K With ko beingthe iterationat which the stoppingcondition
applies.Firstwe needthefollowing lemma.

Lemma3.2 If g, := inf,.cx gmin (X) > O, thenit followsfor everyk < kg that

. e kr1) (")
0 + :
k+1 %

Proof It is obviousthatO * r+1 andto prove thereverseinequality we obsere for everyk < ko,
x* anoptimalsolutionof optimizationproblem(P) andi* belongingto argmax;cg(»,., ,» ) %(X*) that

0 ¢+, HOD) kg ) (eix?) (3.10)

g (x*) MaX;cs(n .y .« ) %il(X*)
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This shavs that ( +1;X*) 0, andsincemax;cs(y,,, = ) %(X*) 0, by usingrelation(3.10) we
obtainthat
. ( pe1:X¥) ( pr15X7).
k+1 * ’
MaX;ieS(r o ) Gi(X*) 0

(3.11)
Applying relation(3.4)yields

(e1sX?) X)) (") cCrea) ()

andby relation(3.11)thedesiredresultfollows.

Noticethatthestoppingconditionin Algorithm 3.1is satis®edf .( j,) Ofor ®niteky. Thereforejn
combinatiorwith Lemma3.2,we have

. m(").

ko 9. .

Finally we obsere in this subsectiorthatthe optimizationproblem(P ;) is asmoothcorvex optimization

problemif > 0, X is a corvex setde®nedby differentiablecorvex inequalitiesandthe functionsf;,

g; for alli 2 | aredifferentiableandcorvex. In this casethefunctionx ! gmin (X) is alsoaconcae

functionandhence the value g, canbe computedoy solvinga concae minimizationproblem. Sucha
problemis in generaNP-hard[23].

(3.12)

3.2 UnconstrainedCasewith Approximation

Similar to the previous section,we startwith introducingan approximationfunction . : R*! 1| R
de®nedby

fi(x)  91(x).

6(; X) =" m+p ' ;

frn(X)  gm(x) ha(x).  hp(x)

(3.13)

We cannow considerthe smoothoptimizationproblem
()= min (;X): (P5)
In this casethe counterparbf relation(3.8) becomes

0 () ()  wp() (3.14)

forevery 2 R. Theadaptedersionof Algorithm 2.2with theapproximatioris now givenin Algorithm
3.2.

Algorithm 3.2 UnconstrainedCasewith Approximation
1. Selectxg 2 X andsetk := 1.

2. Set = p(Xp—1).

3. Determineanelementx,, of thesetfx 2 R™ : .( ,;X) < 0g. If suchanelementdoesnot exist,
thenreturn( ;;Xx_1), elsesetk := k + 1 andreturnto Step2.

Obsere, if .( x;X) < 0,then ( ;%) <( % X) < 0, andhencex belongsto X . As beforewe
arenow interestedn the difference ;.1 r With the sequencef j valuesgeneratedy Algorithm
3.2. Again, kg denoteghe total numberof iterationsspentin Algorithm 3.2 beforemeetingthe stopping
condition.
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Lemma 3.3 Thesequence ;, k < kg geneatedby Algorithm 3.2is strictly deceasingand satis es

1 ok (( k;Xk))(iET(i?k)gi(Xk))_l:

Proof. Redoingthelastpartof the proof of Lemma3.1leadsto
1k CCrmx)(min gi(xg) ™

1€ L(xk)

andusingnov  ( g; Xx) ( & Xy) yieldsthedesiredresult.

In orderto giveanupperoundontheerror ,  * wewill usethestrongdualitytheorenfor Lagrangean
duality. To applythisresult,we needto imposesomewell knowvn additionalpropertieson the functions
f; andg;.

Assumption 3.1 Thefollowing conditionshold:

1. Thefunctionsf; : R®! R,i 2 | arecorvex onR"™ andnonngativeon X . Moreover, thefunctions
g, :R"! R,i 2| areconcaveonR™ andnonn@ativeon X .

2. Thefunctionsh; : R® ! R, j 2 J are corvex andther existssomexg 2 R" sud that ¢ :=

maxX;e s hj(XQ) < 0.

If thefunctionsf,, i 2 | areconvex andg;, i 2 | areconcae, this doesnot necessarilymply thatthe
ratio of thesetwo functionsis corvex. Consequentlythe generalizedractional programmingproblem
(P) is not necessarilya convex optimizationproblem.

Introducingnow for every o< < 0thenonemptyperturbedeasibleregion
X()=fx2R":hj(x) ; j2Jg
wede®nefor g < 0 thefollowing perturbedptimizationproblem
V() = mingexq) P(X):

By the de®nitionof v( ), it is clearthat * = v(0) and0  v( ) *for o< < 0. Inthenext
lemmawe give alowerboundon *  v( ).

Lemma3.4 If g, := inf.cx gmin (X) > 0andAssumptior8.1holds,thenit followsthat

: 0
V() O«

with [ ( ) theoptimalLagrangeanmultiplier associatedvith the corvex optimizationproblem
mianX(a) (v( );x):

Proof. By thestrongduality theorem(cf.[8]) we obtainfor every ¢ < < Othat

(v( )

mingex (v( );x)

max,soMingern  (V( );x)+ "(h(x) )+ T:
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This shavs applyingLemma2.2 andusingagainthe strongduality theoremthat

(V( ) Mingern (V( );x)+ S )h) )+ I() (3.15)
= max,soMingern (V( i)+ '(h(x) )+ [()
= Mingex@ (V()x)+ () = J():

By relation(3.15)it follows for everyx 2 X thatthereexist somei 2 | satisfying

fi(x) v()ex)  J():
andthis shavs thedesiredresult.
UsingLemma3.4 onecanshaw the following result.
Lemma 3.5 Let Assumptior3.1 hold and assumeg, > 0Oand2 > gwith = m+p( ). If the

algorithmstopsat iteration ko; thenthevectorx,,_1 belongsto X and

2 J(@2e)e+
O«

with [ (2 e) theoptimal Lagrangeanmultiplier associatedwith the corvex optimizationproblem

0 *

ko

mianX(Zm@) (V(2 € )v X):

Proof If thealgorithmstopsatiterationko, thenclearlyxy, 1 belongdo X andsowe obtain0 ko
Moreover, by the stoppingrule we know that ( x,) 0 andthis implies for every x 2 R™ that
e( k:X) 0. Applying now relation(3.4)and(3.13)yieldsfor everyx 2 R™ that

( korX) (3.16)

By relation(3.16)andusingthede®nitionof ( ,;X) we obtainfor everyx 2 X (2 e ) that

(kX)) = ( kosX)
Thisimpliesfor everyx 2 X (2 ) thatp(x) r 0% andso,it followsthat

vee) i 9:% (3.17)
Applying nov Lemmag3.4 andrelation(3.17)yields

k= Y ov@e)+v(e) 4 (2 J@e)e+ )gt

andthis shavs thedesirednequality
Finally we notefor theunconstrainedasethatif additionallythefunctionsf ; and g; arecorvex for all

i 2 1, thenthe optimizationproblem(P5) is a smoothunconstrainedorvex optimizationproblemasa
directconsequencef Assumption2.2 andAssumption3.1.

4 Obsewationsfor Performancelmpr ovement

Decisionmalers often face large size problemsand in mary casesthe performanceof an algorithm
worsensvhenthesizeof the problemincreasesSo,improving the performancef analgorithmplaysan
importantrole for solvingreal problems.In this section,we presenseveral obserationsthatmayleadto
aperformancemprovementfor theapproximatiorapproachdiscussedh the previoussection.
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4.1 Weaker Stopping Condition 4 OBSERVATIONS FOR PERFORMANCE IMPROVEMENT

4.1 Weaker Stopping Condition

Noticethatin the constrainedcaseof the proposedapproximationmethod,the stoppingrule, .( %)

0 in Step3 of Algorithm 3.1 canbe replacedby a wealer condition .( ) for some > 0.
Implementinghis obsenationmayreducehe numberof iterations.However, in this casetheaccurag of
theresultamayalsodecreaseThefollowing resultprovidesanupperboundonthenumberof subproblems
to be solvedandgivesanupperboundon the differencebetweerthe optimal objective functionvalue, *
andtheobjective functionvaluecomputedafterapplyingthe wealer stoppingcondition.

Lemma4.1 Supposdg := minfk : .( %) g, thenit followsthat
0 (100 +gm(>

Proof. By using *for all k < kg andrelation(3.9),it follows that

-1 k
Y (k1 k) " 0.
k=1 9
Multlplylng bothsidesby 1 yieldsthe ®rst part. Usingnow ( ) andLemma3.2 shaws that
o ( (") (g.) 1. Again multiplying bothsidesby 1 shavs thesecondpart.

A similar but lessexciting discussiorcanbe givenfor theunconstrainedaseafterreplacingthestopping
rule, .( ) 0in Step3of Algorithm 3.2,by thewealer condition .( ) forsome > 0. Here
we statethe resultwithout the proof.

Lemma4.2 Supposdg := minfk : .( ) g, thenit followsthat
(1 Mg 2 [(2e)e+ ).

Ok

Ko and ko *

4.2 Normalization

In orderto improve therateof corvergence Crouzix et. al. proposedo replaceproblem(P ) atiteration

k by
. fi(x (X
min max f) 9.9 ; (4.1)
zeX i€l g,‘(Xk,]_)
Crou=zix et. al. have shavn thattherateof corvergencebecomest leastlinearwith the abore modi®ca-
tion andthey have provedthatwhenaer the sequencéx ;g is corvemgent,the convergenceis superlinear
[14]. Following our previous results,one way to explain the intuition behindthe normalizationis as

follows. Introducefor everyi 2 | thefunctions ; : R?**1 I R givenby

fix)  9i(x)

i(; xy) = a0y

andthefunction :R?*1 | R de®necby
(5 xy) = max (; X y):
el
The parametrimptimizationproblemassociatedavith the above functionis now givenby

(;y):= Lneip( (; xy):
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4.3 Additional Remarks 4 OBSERVATIONS FOR PERFORMANCE IMPROVEMENT

Moreover, to de®netheapproximatioriet

(xy) = (XY (X))

andconsidetthe approximategarametricoptimizationproblem
(i y)=min .(; xy):

Theconstrainedilgorithmwith normalizationaswell asapproximatioris now givenin Algorithm 4.1.

Algorithm 4.1 ConstrainedCasewith Normalizationand Approximation
1. Selectxg 2 X andsetk := 1.

2. Set = p(Xp—1).

3. Determineanelementx;, of thesetfx 2 X : .( ;X Xz—1) < 0g. If suchanelementdoesnot
exist, thenreturn( x;Xx_1), elsesetk := k + 1 andreturnto Step2.

Beforediscussinghe boundson theimpravement 41 ¢ for this algorithm,we introducethe fol-
lowing setvaluedmappingS: R X X R givenby

S(;xy)y=fi2l: (;xy)= (xyo

Lemma 4.3 Supposeilgorithm 4.1 stopsat iteration kg. Thesequence i, k < ko geneatedby Algo-
rithm 4.1is strictly deceasingandsatis es

- 0i(Xk—1) 0i(Xp—1)
X! Xp_q) min 2225 N X Xp_1) max 2okt
(% Xg; Xk—1) i =) 1 k(R Xk Xp—1) max =)

wheeS = S( g Xk Xp—_1)-

Proof. A straightforvard modi®cationof the proof of Lemma3.1.

Usingsimilar discussionsisin Lemma3.2andLemmad4.1,we canalsogive resultsregardingthediffer-
ence * K, andthe numberof iterationsrequiredto satisfy ( j;Xg; Xrp—1) > . Noticethatif x;, is
closeto x;,_1, thenthevalueof max;c ., ) (9 (Xx—1)=0(Xx)) is approximatelyequalto 1. Thereforejn
certaininstancesve expectthatthe corvergenceof the proposednethodwill improve considerablyOur
numericalexperimentdn Section5 supportghis obseration.

4.3 Additional Remarks

The membershiproblemsin Step3 of Algorithm 3.1 and Algorithm 3.2 are usually solved by refor
mulating them as optimizationproblems. As we have discussedefore,the optimal solutionsof these
optimizationproblemsdo notnecessarilyielda , valuethatis closerto * thana ; valuecomputediy
apoint thatsatis®eghe conditionin Step3 (seeExample2.1). Therefore atary iterationif the solution
methodfor the optimizationproblems®ndsa point thatsatis®eghe conditionin Step3, thenthe solution
methodcanbeterminatedandthealgorithmcanmoveto thenext iteration. Solvingtheoptimizationprob-
lemsin Step3 constituteghe major computationaburdenof Algorithm 3.1 and Algorithm 3.2. In this
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5 NUMERICAL RESULTS

regard terminatingthe solutionmethodsefore®ndingtheoptimalsolutionmaysave somecomputational
effort.

An importantadwantageof Algorithm 3.2 over Algorithm 3.1is thatat eachiterationoneneedso solve
anunconstraineanembershiproblemratherthana constrainednembershigroblem. Usually solving
unconstrainegroblemsis easierthansolving the constraineccounterparts However, in Algorithm 3.2
the constraintarealsoincorporatednto the problemandonly anapproximatedunctionis used. Thus,
thesolutionof theunconstrainegroblemmaybeaninfeasiblepoint of theoriginal problem.Ontheother
hand,the solutionof the constrainednembershigroblemin Algorithm 3.1is alwaysfeasible.In order
to balancehetrade-of betweerthe speedandfeasibility, at earlyiterationsonecanstartwith solvingthe
unconstraineg@roblemsandthenswitchto solvingthe constrainegroblems.

Recallthatin Lemma3.1andLemma3.3,thedifferencedetween ;.1 and , aregivenby

( &%)

MiN e 1,2 ) % (Xk)

k k+1 (4.2)

and
( % Xk)

MiN;e 1(2) 9i(Xk)
respectrely. Thereforefor fastercorvergence pnemayconsiderto increasahesedifferencesasmuchas
possible.n this caset seemgeasonabléo solwe, in the constrainedase the optimizationproblem,

( &%)

k k+1 (4.3)

% 4.4
zeX mlnieL(x) gZ(X) ( )

andin theunconstrainedase thefollowing problemshouldbe solved
( %:X) (4.5)

z€X MiNjer(g) Gi(X)
Althoughthis maybeaneffective way of speedingipthealgorithms jt maynotbeeasyto solve problems
(4.4)and(4.5),unlessthereexistsa specialstructure.

5 Numerical Results

We have programmedAlgorithm 3.1 and Algorithm 3.2 with MATLAB 6.5. The entroy-type function
givenin Example3.1andtherecursve functiongivenin Example3.2 areusedfor approximatinghemax
function. In orderto implementherecursionwe have usedthefollowing two dimensionabpproximation
function p
(Y1 y2)?2+ 1+yi+ys,
> ;

2(y) =
which leadsto thefollowing approximatiorfunction

p__
W Yy (Y1 Y22+ "2+ yr+yo,
2(7) = 5 .
Theright handsideof theequation(5.1)is alsoknown asChen-HarkrKanzav-Smalefunctionandit has
beenusedfrequentlyasa stablealternatve for approximatinghetwo dimensionamax function[10].

(5.1)

Noticethatanover ow easilyoccurswhenthe exponentialfunctionin Example3.1is computedwith a
very large agument.A well-knovn techniqueo handlesomecase®f this potentialproblemis introduc-

ingaconstanz  maxfy;; ;Yysgandthencomputing
|
X,
“D=rog T ez (5.2)
=1
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5 NUMERICAL RESULTS

In our experimentsve have alsousedthis technique.

In Step3 of both algorithms,we have formulatedthe membershigproblemsasregular nonlinearopti-
mizationproblems.To solve thesenonlineamprogramswe have usedthe standardconstrainednduncon-
strainedMATLAB solvers. The MATLAB functionscorrespondingo thesesolwersare calledfmincon
andfminunc, respeciiely.

To testthe approximatiorapproachandverify our obserationson performancémprovement,we have
compileddifferent test problemsfrom the literature. In the subsequentables,the columns(or rows)
entitledEntropyandRecusivedenoteheresultswith theentropy-typefunctionandtherecursve function,
respectirely. In all testproblemghe parametet is setto 1:.0e 5 andtheabsolutevaluefunctionu !  juj
isreplacedvithu! maxfu; ug.

First, we test both approximationfunctionswhenthey are usedin Algorithm 3.1. To do this, a set
of problemsare randomlygeneratechs suggestedy Barroset. al. [6]. Theratiosin theseproblems
consistof quadratidunctionsin thenumeratorsf ;(x) := %XTHZ-X + al'x + b; andlinearfunctionsin the
denominatorsy;(x) := c¢/'x + d;. Theparametersf thesefunctionsaregeneratedsfollows:

The HessiandH; aregivenby H; := LiUiLZ.T wherel ; are unit lower triangularmatriceswith
componentsiniformly distributedwithin [ 2:5; 2:5] andU; arepositive diagonalmatriceswith the
componentsiniformly distributedwithin [0:1; 1:6]. In orderto generatea positive de®niteHessian,
the®rst elementof the matrixis setto zero.

The componentof the vectorsa; andc; are uniformly distributed within [ 15; 45] and [0; 10],
respectiely.

Similarly, theincrementsd; andd; areuniformly distributedwithin [ 30; 0] and[1; 5], respectiely.

Moreover, thefollowing feasiblesetis usedfor all thetestproblems:

Xn
X =fx2R"j x; 1,0 x; 1Lj=1 ;Ng:
j=1

Finally, thecomponentsf initial feasiblepoint, x ¢ areuniformly distributedwithin [0; %].

Table1 illustratesthe performanceof Algorithm 3.1 with both approximatiorfunctions. The third and
®fth columnsgive the numberof iterationsrequiredto solve the problemswith the entrogy-type function
andtherecursve function,respectrely. Thecolumnsfour andsix shav the CPUtimesin secondsvith the
respectie approximatiorfunctions. We have not reportedthe solutions ;. becausevith both functions
all the problemsare solved successfullyto optimality. Althoughthe problemsarerandomlygenerateda
roughcomparisorwith theresultsreportedin [6] shavs thatin generalour methodrequiredessnumber
of iterationsthantheirs.

Whenwe compardheapproximatiorfunctions thereis no clearevidencesuggestinghatonefunctionis
betterthanthe otherone.In someproblemsusingentrofy-type functionleadsto lessnumberof iterations
thantherecursve function. In otherproblemausingrecursie functiondecreasethe numberof iterations.
However, dueto the recursion the solutionwith the recursve approximatiorfunctiontakeslongertime
than the entrofy-type function. We note that the computationtime with the recursve approximation
functioncanbereducedaftertherecursve schemas implementedasa sequentiablgorithm.
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5 NUMERICAL RESULTS

Tablel: Thecomparisorof thetwo approximatiorfunctionsfor the randomlygenerategbroblems

Entropy Recursie
n m | Nooflter. CPUTime(sec.)| Nooflter. CPUTime(sec.)
5 5 2 0.453 2 0.36
10 5 9 1.656 9 7.687
15 5 6 1.875 5 5.984
20 5 13 4.5 13 19.594
5 10 4 1.438 4 9
10 10 4 1.953 4 11.219
15 10 9 6.578 7 38.125
20 10 4 1.844 4 13.891
5 15 8 2.781 8 18.578
10 15 9 5.297 9 27.11
15 15 8 6.141 8 30.243
20 15 7 8.5 7 36.938
5 20 4 2.453 4 17.328
10 20 20 215 21 227.187
15 20 12 22.766 13 243.141
20 20 6 7.875 6 57.844

Next we wantto compareAlgorithm 3.1 (constrainedase)andAlgorithm 3.2 (unconstrainedase) For
this comparisonye have usedthefollowing problemsgivenin [20].

Problem5.1 s 5
. 4x37+ 11X 4X{ Xa
min max : : 5.3
rxeX 16x1 + 4Xo 3X1 + X2 ( )
whee
X =fx2R%:x1+Xo 12X+ Xs 4 x1;X2 0Og (5.4)

andtheinitial feasiblepointis selectedo bexo = (1;1)”. Thedenominatomnf the zeo functionin the
objectiveis takenas 1.

Problem5.2 3 o
. X1 2 X1
min ma ; 5.5
xEIX X 4x1 + Xo ' 3X1 + X2 ( )
whee
X =fxX2R?:x1+Xo 1, 2X1+ X2 4 X1;Xp Og; (5.6)
andtheinitial feasiblepointis selectedo bexg = (1;1)7.
Problem5.3 . 5 . 5
, 8"X1 + 8i°Xy i7X3 8°%iXg
Q;I)f} z=r(‘)],ax,8 8%x4 + 8i3x3 ®.7)
whee
i3x3+ 83x .
X = fx2R*: 1000 xi;x, 100Q 1 % 1000 i = 0; :8g  (5.8)

andtheinitial feasiblepointis selectedo bexo = (0:5;0;0;1)”.
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5 NUMERICAL RESULTS

Table2 shaws theresultswith Algorithm 3.1 (constrainedtase).The ®rst columndenoteghe example
number The third columngivesthe numberof iterationsrequiredto ®nd the ®nal valueof j, reported
in columnfour. The column®ve shavs the CPUtimesin secondsThe optimal objective functionvalues
reportedn [20] aregivenin thelastcolumn.

Whenwe analyzehe®guresin thetable,we seethatall the problemsaresuccessfullysolvedwith Algo-
rithm 3.1. In Problem5.1, we have obtaineda bettervaluethanthe valuereportedn [20] atthe expense
of moreiterations.As discussedefore,althoughthe numberof iterationsspentfor both approximation
functionsarecomparabletheimplementatiorof the algorithmwith therecursve approximatiorfunction
requiressubstantiallymoretime thantheimplementatiorwith the entrogy-type approximatiorfunction.

Table2: Theresultsfor problemss.1,5.2and5.3with Algorithm 3.1 (constrainedtase)

No of Iter. k CPUTime(sec.)| in[20]
ot S B OIS ES s
oz [T TSl 0n)
P53 poone 52 oorats  0oase 007418

Table 3 givesthe resultswith Algorithm 3.2 (unconstrainedase). The layout of the tableis sameas
in Table2. The®guresin the fourth columnshawv thatthe precisionof the resultswith Algorithm 3.2is
worsethantheresultswith Algorithm 3.1. Particularlyfor Problem5.3, the entrogy-type functioncauses
numericalinstability, andhenceno solutionis found. Therecursve function on the otherhand,is stable
but theresultis notcloseenougho theoptimalvalue. As thenumberof constraintsncreasegheresulting
auxiliary problemsin the unconstrainedasebecomemoredif®cult. Nonethelesst is interestingto note
thatin Problem5.1,the numberof iterationswith the entrogy-type functionshasincreased.

Table3: Theresultsfor problemss.1,5.2and5.3with Algorithm 3.2 (unconstrainedase)

No of Iter. k CPUTime(sec.)| in[20]
P52 pocrie 7 0962 apor| 0192
Pr53 Egﬁﬁ"éye 40 0.129 128.081) 007418

Thenumericalresultsup to this point have shavn thatboth entroy-type functionandrecursie function
performwell whenthey areusedin Algorithm 3.1 (constraineatase).Ontheotherhand theresultsfound
with Algorithm 3.2 (unconstraine@ase)areinferior to the resultsfound with Algorithm 3.1. Therefore,
we will useonly Algorithm 3.1 with bothapproximatiorfunctionsin the remainingexperiments.

The resultsreportedin Table 2 have shavn that solving the problemswith approximationfunctions
requiremoreiterationsthanthe methodssuggestedh the literature[20]. Therefore we have decidedto
usethesamesetof problemsn orderto validateour obserationsfor performanceémprovement.

Table4 givesthe resultswith Algorithm 3.1 afterwe implementseveral performancémprovementob-
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senations. The®rstandsecondcolumnsgive the problemnumbersandapproximatiorfunctions,respec-
tively. Theacrorym “Reg.” in thethird columnstandsfor regular andthe solutionsin the corresponding
row arefoundby Algorithm 3.1withoutimplementingary performancémprovementobsenations.These
solutionsaresameasin Table2. Theacrorym “Weak’ denoteghatin the correspondingow the ®gures
arefound by implementingthe obseration abouta wealer stoppingconditionasdiscussedn Section4.
In this case the parameter is setto 1:0e 2. Similarly, theresultsin therow “Norm.” arefound by
implementingthe normalizationobseration (Algorithm 4.1). The fourth columnshavs the numberof
iterationsrequiredto ®nd ; givenin the sixth column. The ®fth columnshavs thevalueof . afterthe
algorithmterminatesThelasttwo columnsgive the CPUtimesin secondsndtheoptimalvaluesreported
in [20], respectiely.

Whenwe analyzethe ®guresin Table 5, we seethat usinga wealer stoppingconditiondecreasethe
numberof iterations. Moreover, the accurag of the resultsare slightly affectedby this modi®cation.
Ontheotherhand,implementingthe obseration aboutnormalizationdecreasethe numberof iterations
drasticallyand,asexpectedwithout sacri®cingthe quality of the solutions.

Table4: Theresultsfor problemss.1,5.2 and5.3with Algorithm 3.1 afterperformancémprovements

Nooflter.  .( & Xg) k CPUTime(sec.)| §in[20]
Entroy  Reg. 24 0 0.4325 2.313
Weak. 11 0.0069  0.434 1.235
Norm. 3 0 0.4325 0.282

PL511 Recursie Re. 25 0 04325 561| 049615
Weak. 12 0.0084 0.4344 3.172
Norm. 3 0 0.4325 0.594
Entropy Reg. 6 0 0.1962 0.89
Weak. 3 0.0059 0.1973 0.531
Norm. 3 0 0.1962 0.375

PL52| Recursie Reg, 7 0 0.1962 175 01962
Weak. 3 0.0059 0.1973 1.062
Norm. 3 0 0.1962 0.875
Entropy Reg. 82 0 0.07418 76.68
Weak. 62 0.0089 0.07418 65.828
Norm. 10 0 0.07418 6.063

PL53| Recursie Reg, 82 0 0.07418 302.188| 007418
Weak. 62 0.0083 0.07418 119.906
Norm. 9 0 0.07418 93.0

6 Conclusion

We have shawn that generalizedractional programmingproblemscan be solved ef®ciently by apply-
ing a smoothingapproximationapproachwithin typical Dinkelbach-typemethods. Moreover, we have

discussedsereral obserationsthat can be usedfor improving the performanceof the algorithms. The
approximatiorapproactyields nearoptimal solutions but fortunatelythe closenessf the solutionto the
actualoptimal solutioncanbe controlledby a predeterminegharameterin this respectthroughdecision
malers' interactionthe analystcancopewith thetrade-of betweeref®cieng/ andprecision.Our numeri-
calresultshave alsosupportedhatthe proposedapproachs indeedeffective for solving GFPproblems.
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